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Abstract. We prove a 'Weierstrass Preparation Theorem' and develop 
an explicit descent formalism in the context of Whitehead groups of non- 
commutative Iwasawa algebras. We use these results to describe the precise 
connection between the main conjecture of non-commutative Iwasawa theory 
(in the sense of Coates, Fukaya, Kato, Sujatha and Venjakob) and the equi- 
variant Tamagawa number conjecture. The latter result is both a converse 
to a theorem of Fukaya and Kato and also provides an important means of 
deriving explicit consequences of the main conjecture. 
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Introduction 

There has been much interest in the study of non-commutative Iwasawa theory over 
the last few years. Nevertheless, there is still no satisfactory understanding of the 
explicit consequences for Hasse-Weil L-functions that are implied by a 'main con- 
jecture' of the kind formulated by Coates, Fukaya, Kato, Sujatha and the second 
named author in [14]. Indeed, whilst explicit consequences of such a conjecture for 
the values (at s = 1) of twisted Hasse-Weil L-functions have been studied by Coates 
et al in [14], by Kato in [21] and by Dokchister and Dokchister in [17] . all of these 
consequences become trivial whenever the L-functions vanish at s = 1. Further, the 
conjecture of Birch and Swinncrton-Dycr implies that these L-functions should van- 
ish whenever the relevant component of the Mordcll-Weil group has strictly positive 
rank and recent work of Mazur and Rubin [53] shows that this is often the case. It is 
therefore important to understand what a main conjecture of the kind formulated in 
P3] predicts concerning the values of derivatives of Hasse-Weil L-functions at s = 1. 
In this article we take the first step towards developing such a theory. Indeed, in a 
subsequent article it will be shown that one of the main results that we prove here 
(Theorem I8.5|) can be combined with techniques developed by the first named author 
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in [5] to derive from the main conjecture of non-commutative Iwasawa theory a variety 
of explicit (and highly non-trivial) congruence relations between values of derivatives 
of twisted Hasse-Weil L-functions at s = 1. 

However, in order to prove Theorem 18.51 we must first develop several aspects of 
the theory that appear themselves to be of some independent interest. These include 
proving a Weierstrass Preparation Theorem for Whitehead groups of Iwasawa algebras 
(this result is related to, but different from, the Weierstrass Preparation Theorem 
discussed by the second named author in [33]), defining a canonical 'characteristic 
series' for torsion modules over (localised) Iwasawa algebras, satisfactorily resolving 
the descent problem in non-commutative Iwasawa theory and formulating a main 
conjecture in the spirit of Coates et al that deals with interpolation properties of the 
'leading terms at Artin representations' (in the sense introduced in |12j ) of analytic 
p-adic L-functions. 

In a little more detail, the main contents of this article is as follows. In SJT] we re- 
call some useful preliminaries concerning localisation of Iwasawa algebras, LT-theory, 
virtual objects and derived categories. In S}2]we state the main if -theoretical results 
that are proved in this article. In SJ3J we define a suitable notion of //-invariant and in 
|j4]we combine this notion with a result of Schneider and the second named author 
from (27] and the formalism developed by Fukaya and Kato in [18] to define canonical 
'characteristic series' in non-commutative Iwasawa theory (this construction extends 
the notion of 'algebraic p-adic L-functions' introduced by the first named author in [7] 
and hence also refines the notion of 'Akashi series' introduced by Coates, Schneider 
and Sujatha in |13j). As a first application of these characteristic series we use them 
in Sj5] to prove an explicit formula for the 'leading terms at Artin representations ' 
of elements of Whitehead groups of non-commutative Iwasawa algebras: this result 
provides a suitable 'descent formalism' in non-commutative Iwasawa theory and in 
particular plays a crucial role in proving the arithmetic results discussed in the re- 
mainder of the article. In Sj6] we present a result of Kato that allows reduction to 
a convenient special case when formulating main conjectures. In Sj7] we formulate 
explicit main conjectures of non-commutative Iwasawa theory for both Tate motives 
and (certain) critical motives. The approach here is finer than that of [14] since we 
consider interpolation properties for leading terms of analytic p-adic L-functions. In 
Sj5]wc combine the descent formalism described in |J5]with the main results of |12j to 
prove that, under suitable hypotheses, the main conjectures formulated in $7] imply 
the relevant special cases of the equivariant Tamagawa number conjecture formulated 
by Flach and the first named author in [101 Conj. 4(iv)]. These results are a converse 
to the result of Fukaya and Kato in [TH] which asserts that, under suitable hypothe- 
ses, the 'non-commutative Tamagawa number conjecture' of loc. cit. implies the main 
conjecture of Coates et al [14] and can also be used to derive explicit consequences 
of the main conjecture. Finally, in several appendices, we review relevant aspects of 
the algebraic formalism of localized Lfi-groups and Bockstein homomorphisms and 
clarify certain normalizations used in [12] . 

The approach adopted here is a natural continuation of that used in our earlier article 
[12 . In particular, in several places we find it convenient to assume that the reader 
is familiar with the notation used in loc. cit. 

We are very grateful indeed to Kazuya Kato for his generous help and encouragement, 
to Manuel Brcuning for advice regarding determinant functors and to Jan Nckovaf for 
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many stimulating discussions. Much of this article was written when the first named 
author was a Visiting Professor at the Institute of Mathematics of the University of 
Paris 6. He is extremely grateful to the Institute for this opportunity. 

Part I: A-theory 
1. Preliminaries 

1.1. Iwasawa algebras. We fix a prime p. For any compact p-adic Lie group G 
we write A(G) and f2(G) for the 'Iwasawa algebras' lim^ Z p [G/U] and lirn ¥ p [G/U] 
where U runs over all open normal subgroups of G and the limits are taken with re- 
spect to the natural projection maps Z p [G/U] — > Z. p [G/U'} and ¥ P [G/U] — * ¥ p [G/U'] 
for U C U'. The rings A(G) and fl(G) are both noetherian and, if G has no element of 
order p, they are also regular in the sense that their (left and right) global dimensions 
are finite. We write Q(G) for the total quotient ring of A(G). If O is the valuation 
ring of a finite extension of Q p , then we write Ao(G) for the O- Iwasawa algebra of G 
and Qo(G) for its total quotient ring. 

We assume throughout that the following condition is satisfied 

• G has a closed normal subgroup H for which the quotient group T := G/H 
is isomorphic (topologically) to the additive group of Z p . 

We write 7rr : G — > T for the natural projection and fix a topological generator 7 of 
r. We use 7 to identify A(r) with the power series ring Z P [[T]] in an indeterminate 
T (via the identification T = 7 — 1). 

We recall from [Til §2-§3] that there are canonical left and right denominator sets 
Sqm and S GH of A(G) where 

Sg,H ■= {A e A(G) : A(G)/A(G) • A is a finitely generated A(iJ)-module} 

and Sq h := {J i ^ P l SG,H- When G and H are clear from context we often abbreviate 
Sg,h to S. We also write Wls(G) and Wis* (G) for the categories of finitely generated 
A(G)-modules M with A(G)s ®a(G) M = and A(G)s» ®a(g) m = respectively. 
For any Z p -module M we write M tor for its Z p -torsion submodule and set M t i := 
M/M toT . We recall from [TH Prop. 2.3] that a finitely generated A(G)-modulc M 
belongs to 9Jls(G), resp. 3Ks* (G), if and only if it is a finitely generated A(iJ)-module 
(by restriction), resp. when M t { belongs to Tls(G). This means in particular that 
Tls*(G) coincides with the category 9JIh(G) introduced in loc. cit. 

1.2. A'-GROUPS. If E denotes either 5 or 5*, then we write A"o(A(G), A(G)s) for 
the relative algebraic AVgroup of the homomorphism A(G) — > A(G)s- We recall 
that this group is generated by symbols of the form (P, A, Q) where P and Q are 
finitely generated projective (left) A(G)-modules and A is an isomorphism of A(G)e- 
modules A(G)s ®a(g) P ~ * A(G)s ®A(G) Q (f° r more details see [301 P- 215]). In 
addition, if G has no element of order p, then K (A(G), A(G)e) can be identified 
with the Grothendieck group A' (97ls(G)) of the category 971s (G). To be precise 
we normalise this isomorphism in the following way: if g = with both s G 
E and h g A(G) n A(G)^, then the element (A(G), r g , A(G)) of A (A(G), A(G) S ), 
where r g denotes right multiplication by g, corresponds to [coker(r/j)] — [coker(r s )] in 
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Kq(1Ms(G)). There is a natural commutative diagram of long exact sequences 
ffi(A(G)) > K 1 (A(G)s) K (A(G),A(G)s) > K (A(G)) 

« II I I II 

R\(A(G)) > Jfi(A(G) s .) A (A(G),A(G) S .) > A (A(G)). 

If G has no element of order p, then the lower row of this diagram identifies with the 
exact sequence [H] (24)]. 

1.3. Derived categories. For any ring R we write D(R) for the derived category 
of i?-modules. We also write D is '~(R), resp. D ig (R) for the full triangulated subcat- 
egory of D(R) comprising complexes that are isomorphic to a bounded above, resp. 
bounded, complex of finitely generated R- modules and we let D P (R) denote the full 
subcategory of D ls (R) comprising complexes that are isomorphic to an object of the 
category C P (R) of bounded complexes of finitely generated projective R- modules. 

If E € {S, S*}, then we write D%(A(G)) for the full triangulated subcategory of 
Z? P (A(G)) comprising those complexes G such that A(G)s (8>a(G) G is acyclic. We 
recall that to each G in D$, (A(G)) one can associate a canonical 'Euler characteristic' 
element [G] in Kq(A(G), A(G)s») (see, for example, [3 beginning of §4]). 

1.4. Virtual objects. For any associative unital ring R we write V(R) for the 
Picard category of virtual objects associated to the category of finitely generated 
projective i?-modules and we fix a unit object 1r in V(R). 

Let Vq be the Picard category with unique object lp and Aut-p (l-p ) = 0. For any 
finite group Q and extension field F of Q p we define V{1, p [G], F[Q]) to be the fibre 
product category in the diagram 

v(z p [g],F[g]) > r a 

J/ 2 

V{1 P [Q\) -2-> v{F\g\) 

where F% is the (monoidal) functor sending l-p to 1f[Q] an d F\(L) = F\Q\ ®% [§] L 
for each object L of V{X p [Q]). We write Kq(Z p [Q], F[Q]) for the relative algebraic 
Ko-group of the inclusion "L p [Q\ C F[Q] and regard the canonical isomorphism 

(2) 7t (v(z p [g},F[g])) ^K (z p [g],F[g]) 

of [TQ1 Prop. 2.5] as an identification. In particular, for each object L of V(Z P [(?]) 
and each morphism n : F\{L) — > 1f[s] in V{F[g\) we write [L,fi] for the associated 
element of K (Z p [g],F[g]). 

1.5. Wedderburn decompositions. We fix an algebraic closure Q p of Q p . For 
any finite group g we write Irr(^) for the set of irreducible finite-dimensional Q^- 
valucd characters of g. Then the Wedderburn decomposition of the (finite dimensional 
semisimple) Q^-algebra Qp[{?] induces a decomposition of its centre 
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The natural reduced norm map Nrd<Qc[g] : — ► C(Qp[G]) x is bijective and we 
often (and without explicit comment) combine this map with ([3]) to regard elements 
°f riirr(e;)( ( Qp) X as elements of the Whitehead group Ki(Q p [Q]). In particular, we 
write dg : Y\i rT fg)(Qp) x — ► Ko(Z p [Q], Qp[Q]) for the connecting homomorphism of 
relative if -theory (normalized as in {!])). 

For each p G Irr(^) we fix a minimal idempotent e p in Q£[p] such that the left 
action of Q on QS[£/] given by x i— > xg~ l for g e Q induces an isomorphism of (left) 
Qp[5]-modulcs e p Qp[^] = V p * where V p * = {Qp) n " is the representation space of the 
contragredient p* of p over Q^. Then for each complex G in D p (I* p [Q]) the theory of 
Morita equivalence induces an identification of morphism groups 

(4) Mor v{%m (d %{g] (® c p [g} ®\ [g] G), l %[g] ) 

= J] Mor vm (d % (e p Q;[g]®\ [g] C),l % ). 

Irr(S) 

Details of the 'non-commutative determinants' dQ£[g]( — ) and djjc(— ) that are used 
here are recalled in Appendix A. 

2. Statement of the main results in Part I 

The first main result we prove in Part I is the following decomposition theorem for 
Whitehead groups. 

Theorem 2.1. If G has no element of order p, then there is a natural isomorphism 
of abelian groups 

K {Sl{G)) ®K (m s (G)) eim(tfi(A(G)) -» K 1 (A(G) S *)) = Xi(A(G) s -)- 

Our proof of Theorem 12.11 will show that if G = T, then the above isomorphism 
reduces to the assertion that every element of Q(T) X can be written uniquely in the 
from p m du where m is an integer, d is a quotient of distinguished polynomials and 
u a unit in A(r) (see Remark 14.21 and < j4.3p . Theorem 12.11 is therefore a natural 
generalisation of the classical Weierstrass Preparation Theorem. (For an alternative 
approach to generalising the latter result see [55]). 

In the remainder of Part I we use Theorem 12.11 to resolve the 'descent problem' in 
non-commutative Iwasawa theory. Before stating our main result in this regard we 
recall that for each Artin representation p : G — > GL„(C) the ring homomorphism 
A(G)s* — ► M n (Q(T)) that sends each element g of G to p{g)~Kr{g) induces a homo- 
morphism of groups 

(5) : #i(A(G) s .) -» K^MniQoiT))) = K^QoF)) = Qo(r) x = Q(0[[T]]) x 

where the first isomorphism is induced by the theory of Morita equivalence, the second 
by taking determinants (over Qo(r)) and the third by the identification 7— 1 = T. 
The 'leading term' at p of an element £ of Ki(A(G)s>) is then defined to be the 

leading term at T = of the power series $ P (^) (this definition can also be interpreted 
as a leading term at zero of a p-adic meromorphic function - see [12[ Lem. 3.17]). 
The problem of descent in (non-commutative) Iwasawa theory is then the following: 
given an element £ of Ki(A(G)s») and a finite quotient G of G, can one use knowledge 
of the image of £ under the connecting homomorphism do to give an explicit formula 
for the image of (C*(p)) p gi r r(G) un dcr the connecting homomorphism &q1 This is 
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known to be an important and delicate problem. The decomposition of Theorem 12.11 
plays a key role in our proof of the following (partial) resolution. We set 

g I S, if G has an element of order p, 
[S*, otherwise. 

Theorem 2.2. Let G be a finite quotient ojG. Let £ be an element of K\{K(G)s*) 
with dciC) = [G] where C is a complex that belongs to £>?(A(G)) and is 'semisimple 
at p' for each p e Irr(G) in the sense of [H Def. 3.11]. Then m K Q (Z p [G],Q^[G}) 
one has 

%((r(p)) peIrr( G)) = -[d Zpm (Z p [G] < (G) C)AC)a\ 
with t(C)-Q the morphism dQ C r G ,(Qp[G] <8>J((G) ^0 ~^ -*-Q c [G] ^at corresponds via 
to ({~l) rG{CKp) t(C p )) p( - lll(U) where r G {C){p) is the integer defined in [H Def. 3.11] 
and t(C p ) the morphism dqa (e p Qp[G] ®J{(G) ^0 ~~ v ■'■Qp defined in p~2l Lem. 3.13(iv)]. 

Remark 2.3. The hypothesis of 'semisimplicity at p' and the definitions of rc(C)(p) 
and £(^4 p ) are recalled explicitly in £15 . 2 .41 However, in the important case that 
e p Qp[G] ®^(G) C is acyclic one knows that C is automatically semisimple at p, 
rc(C){p) = and t(C p ) is simply the canonical morphism induced by property A.e) of 
the determinant functor described in Appendix A. In particular, if G = T, C = M[0] 
for a finitely generated torsion A(r)-modulc M for which both A/ r and Mp are fi- 
nite and p is the trivial character, then the equality of Theorem 12.21 is equivalent to 
the classical descent formula discussed in [35l p. 318, Ex. 13.12]. Upon appropri- 
ate specialisation, Theorem 12 .21 also recovers the descent formalism proved (in certain 
commutative cases) by Greither and the first named author in |11[ §8] and is therefore 
related to the earlier (commutative) work of Nekovaf in [551 §H]- 

In |JB]wc will prove that it suffices to consider main conjectures of non-commutative 
Iwasawa theory in the case that G has no element of order p. Theorem 12.21 therefore 
represents a satisfactory resolution of the descent problem in this context. Indeed, in 
Part II ( 96] - 911) °f this article we shall combine Theorem [2?2] with the main results of 
[12] to describe the precise connection between main conjectures of non-commutative 
Iwasawa theory (in the sense of Coates et al fTJ]) and the appropriate case of the 
equivariant Tamagawa number conjecture. Other important applications of Theorem 
12.21 are described in 0. 

3. Generalized ^-invariants 

The key ingredient in our proof of Thcorcm l2.1l is the construction of canonical 'char- 
acteristic series' in non-commutative Iwasawa theory. In this section we prepare for 
this construction by generalising the classical notion of /^-invariant. 

3.1. The definition. In the sequel we write p,r{M) for the '/^-invariant' of a finitely 
generated A(r)-module M. For each complex C in D p (A(r)) we also set 

MC) :=^(-l)>r(H l (C)). 

Let p : G — > GL n (0) be a continuous representation of G and write E p = O n for 
the associated representation module, where O = Ol denotes the ring of integers 
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of a finite extension L of Q p . We denote the corresponding L- linear representation 
L®oE p by V p . By p we denote the reduction of p modulo tt, the uniformising element 
of O, with representation space E p . The residue class field of O is denoted by k. 
For each G in D P (A(G)) we set C(p*) := O n ®z p C, regarded an an object in 
D p (Aq(G)) via the action g(x ®z p c l ) = P*{g){x) ®z v g(c l ) for each g in G, x in 
O n and c l in G\ We then set 

G, := (Ao(T) ®o O") < (G) C - A (T) < o(G) C(p*) 

and also 

(6) fi(C,p):=iir(C P )sZ. 
3.2. Basic properties. 

Lemma 3.1. Fix a continuous representation p : G — ► GL n (0). 

(i) //Ci — > C2 — > C3 — > Ci[l] is an exact triangle in D P S ,{A{G)), then 

K c 2,p) = p(C!,p) + p(C 3 ,p). 

(ii) If C £ -Dg»(A(G)) is cohomologically perfect, then 

where H(C) denotes the complex with zero differentials and H(G) 1 = H l (C) 
for all i. 

(iii) If C £ Dg(A(G)) is cohomologically perfect, then p(C,p) = 0. 

(iv) // f/ is any closed normal subgroup of G such that U C H n kcr(p), t/ien /or 
any C in Z? P (A(G)) we /iave 

li(C,p) = n(A(G/U) ®£ (G) G,p). 

i/ere £/ie /irs£ p-invariant is formed with respect to the group G and the second 
with respect to G/U. 

(v) If U is any open subgroup of G, then for any continuous representation ip : 
U -> GL n (0) and any C <E D P (A(G)) one has 

M(C,IndgV) = /"(Res^G, i/') 

where the first p-invariant is formed with respect to G and the second with 
respect to U. Here Rcs^ denotes the restriction functor from A(G)- to A(U)- 
morfttZes. 

Proof. For each D in £> P „(A(G)) all of the A(r)-modulcs H l (D p ) arc both finitely 
generated and torsion. Since pr(-) is additive on exact sequences of finitely generated 
torsion A(r)-modules, claim (i) therefore follows from the long exact sequence of 
cohomology of the exact triangle Gi jP — » Ci^ p — > Cz^ P — > Gi iP [l] in D p (A(r)) that is 
induced by the given triangle. 

If G = -ff 4 (G)[i] for some i, then claim (ii) is clear. The general case can then be 
proved by induction with respect to the cohomological length: indeed, one need only 
combine claim (i) together with the exact triangles given by (good) truncation. 
In order to prove claim (iii) it is sufficient by claim (ii) to consider the case G = M[0] 
with M a A(G)-module that is finitely generated over A(H). But then H l (Cp) is a 
finitely generated Z p -module for all i £ Z and so it is clear that p(C, p) = 0. 
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In the situation of claim (iv) there is a canonical isomorphism of Ae>(G/i7)-modulcs 

Ao(G/U) ® Ao(G) C(p*) S C{p*)u = Cu( P *) - (A(G/U) ® A(G) C)(p*), 

from which the claim follows immediately. Similarly, in the situation of claim (v) we 
have a canonical isomorphism Ind^ ((Res^C)(V'*)) — G(Ind^-0*) which corresponds 
to 

Ao(G) ® Ao(c/) (O n ® Zp ResgC) s (A(G) ® A(c/) 0") ® Zp C, 
g ® (a (g> c) i-> (5 ® a) (g) gc. 

Now we write IV for the image of [/ in T under the natural projection and obtain 

MGIndgV) = Mr(A (r) ® Ao(G) G(Ind^*)) 

= ^r(A (r) < o(G) Indg((RcsgG)(^))) 

= Mr(A (r) ® Ao(I>) (A (rV) ® Ao(t/) (ResgC)(V*))) 

= /ir„(A (r a ) ®\ o{u) (ResgG)(^*)) 

= p(Res%C, V) 

as had to be shown. □ 

3.3. Module theory. In order to make a closer examination of the //-invariant 
defined in © we recall some standard module theory. 

We write Jac(A(G)) for the Jacobson radical of A(G) and Yiiei for the Wedder- 
burn decomposition of the finite dimensional semisimple F p -algebra A := A(G) := 
A(G)/Jac(A(G)) (so / is finite). Let Ri = Aai be a representative for the unique iso- 
morphism class of simple ^-modules with ai some orthogonal primitive idempotent 
of A(G), always assuming that Ai = ¥ p = R\; the corresponding representations we 
denote by ipi : G — > GL(Ri) for i in /. For each index i we fix an idempotent e, of 
A(G) which is a pre-image of dj under the projection A(G) -» A(G)/Jac(A(G)). 
We consider the projective A(G)-modules Xi := A(G)e^ and projective 0(G)-modules 
Yi := Xi/pXi. They are projective hulls of Ri since A(G) ®a(G) Xi = MG) ®q( G ) Y. 
= R{. Every finitely generated projective A(G)-module X, resp. fi(G)-module Y, 
decomposes in a unique way as a direct sum 

X = QX^>, resp. F = 0FP, 

for suitable natural numbers {X, Xi), resp. (Y, Yi). We write 1^(4*) f° r the multiplic- 
ity of the occurrence of Ri in a F p -linear representation ip and 

X (G,M) -.= 11^(0, M)\(-V\ 

i 

if this is finite, for the Euler-Poincare-characteristic of a A(G)-module M. 

Lemma 3.2. Let Y be a finitely generated projective 0(G) -module. 

(i) A(r) <8>a(g) ^ * s naturally isomorphic to ^(r)®Q( G ) Y = 0(r) <i '' Yl> and i/ms 
X (G,F)=p^>. 

(ii) (y(^*), Fi) = E.e/^WdimF^End^G)^))^,^). 
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Proof. For each index i the module f2(r) ®fi(G) Y is isomorphic to £l(T) ni for some 
natural number n*. Since then F™ 4 = F p (E>fi(G) — ^1 ®fi(G) ^ = ai-ffi is isomorphic 
to i?i if i = 1 and is zero if i ^ 1, the first claim follows. 

Claim (ii) is true because dimK^Endf^Q) (.?£,)) (Y, Yi) = dimF p (Homfj(G) Ri)) an d 
Homj)((j)(Y'(V'i),-Ri) is isomorphic to Hom n ( G )(F, (cf. [H Prop. 4.1, Lem. 4.4]). 

□ 

3.4. The regular case. In this section we consider the constructions of H3.1l in the 
case that G has no element of order p. 

3.4.1. Pairings. For a field K we write Rk{G) for the Grothendieck group of the cat- 
egory of finite-dimensional continuous X-lincar representations of G which have finite 
image. The tensor product induces a structure of rings on both Rl(G) and R K (G) 
and there exists a canonical surjective homomorphisms of rings Rl{G) -» R K (G) that 
is induced by reducing modulo tt any G-stable (D-lattice E of an representation V of 
the above type (cf. [29]). 

Proposition 3.3. Assume that G has no element of order p. 

(i) If C £ Dg,(A(G)), then for each continuous representation p : G — > GL n (0) 
one has 

KC,P) = ]T(-l)Vr(A(r) ® L A(G) {E-; ® ¥p gr(iT(G) tor )[0])) 

where E p denotes the contragredient module Hom K (E p , k) while for a Z p - 
module M endowed with the p-adic filtration we denote by gr(M) the associ- 
ated graded ¥ p -module. 

(ii) The p-invariant induces a "L-bilinear pairing 

M- -) : K (D P S ,(A(G))) x R L (G) -► Z. 
T/iis pairing induces a 1-bilinear pairing of the form 
H(-, -) : J)To(D§. (A(G))) x i? K (G) -> Z. 

(iii) If C £ Dg,(A(G)) and i £ I, then the integer p(C,tpi) defined by claim (ii) 
is divisible by dimF p (End f2 ( G )(i?i)). 

(iv) J/C £ £>|(A(G)), then fx(C, ^) = for all i £ I. 

Proof. To prove claim (i), we write p'(C,p) for the term on the right hand side of the 
claimed equality. Since p'(C,p) = p'(H(C),p) by definition and p(C,p) = /t(H(G),p) 
by Lemma l3Tl (ii) we need only consider the case where C = M[0] with M in 37ls* (G). 
Further, since both /i-invariants are additive on exact triangles (cf. Lemma I3.1f i)). 
it is actually sufficient to prove the following two special cases (note that M/M tor 
belongs to SDt s (G) for all M in 9Jt s *(G)): 

1. ) If M is in m 8 (G), then both W(A(T) ®\ {G) (E~ p ® ¥p gr(Af tar )[0])) and H L {A p ) 
arc finitely generated Z p -modules and thus p(C, p) = = p'(C,p). 

2. ) If p n M = for some n, we argue by induction on n. For n = 1 the isomorphism 
E p * ®f p gr(-Mt or ) = E p ®f M = E p * ®z p M implies the equality of the /^-invariants. 
For n > 1 one uses devissage and again the additivity of both /i-invariants. 

To prove the existence of the first pairing in claim (ii) it suffices to show that /x(G, p) 
depends only on the space V p . To this end we assume that E p i is another G-stable 
lattice in V p and we have to show that p(C,p) = p(C,p'). By Proposition 13 . If ii) and 
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devissage we may assume that C = M[0] with pM = and similarly that E*, C E* 
with 7rT = for T := E*/E*,. In this situation there is an exact sequence 

M ® Vp T -» M ® Fp -» M ® Fp -» M ® Fp T -► 

of A(G)-modules. The required claim now follows from the known additivity of p- 
invariants and the fact that the A(G)-modules M<S>r p E* and M<3^ p E*, are isomorphic 
to M(p*) and M((p')*) respectively. The second assertion of claim (ii) then follows 
from claim (i). 

To prove claim (iii) we may assume that C = M[0] with M a finitely generated 
f2(G)-module. After choosing a finite resolution P of M by finitely generated pro- 
jective f2(G)-modules and using the additivity of p(—,ijji) on short exact sequences 
the proof is immediately reduced to the case of a projective r2(G)-module because 
p(P,ipi) = ^j^ii — ty p{P^, ipi)- But for every projective f2(G)-module Y, consid- 
ered also as a A(G)-module, and for each i 6 I we have p(Y,tp i ) = (Y(^>*),Yi) = 
dim Vp (End a (G)(Ri))(Y,Yi) by Lemma GEfli). 

Claim (iv) follows from Lemma l3~TT iii) . □ 

If G has no element of order p, then Proposition ^. 31 (iii) allows us to define an integer 
/U\(,3)(C) for each complex G in Dg,(A(G)) and each index i in I by setting 

Ma(g)( C ') : = Vi) • dim Fp (Endj 2 ( G) (i? l )) _1 . 

3.4.2. K -groups. We continue to assume that G has no element of order p and write 
35(G) for the category of finitely generated A(G)-modules that are annihilated by a 
power of p. Then, by devissage and lifting of idempotcnts, one obtains the following 
isomorphisms 

(7) Ko(P(G)) = KoMG)) = K {A{G)) = Z 1 

where the i-th basis vector of the free Z-module on the right corresponds to the classes 
of Yi in K Q {D(G)) and K (Sl(G)). LemmaEJ (ii) implies that if M belongs to £>(G), 
then the map in ((7j) sends the class of M to the vector 

(8) p(M):=(/4 (G) (M[0])) i6J . 

The proof of the following result is a natural generalization of that given by Kato in 
[HJ Prop. 8.6]. 

Proposition 3.4. If G has no element of order p, then there are natural isomor- 
phisms 

K (m s *(G)) = K (Tls(G))(BK (n(G)), 
K 1 (A(G) S ,) S ^ 1 (A(G)s)©^ (r2(G)). 

The first of these isomorphisms is induced by the embeddings of categories 97ts(G) C 
9Jls*(G) andD{G) CJDT,g«(G) combined with the first isomorphism in (|7|). The second 
isomorphism depends on the choice of a splitting of Kx{h(G)s*) -* Kq(D(G)) = l/; 
once we have fixed an idempotent ej for each i £ I a natural choice is induced by 
sending the i-th basis vector of Z 1 to the class of fi := 1 + (p — l)ej in i4Ti(A(G)s»). 
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Proof. We first prove the surjectivity of the homomorphism d 2 in the long exact 
localisation sequence of if -theory 

K 2 (A(G) S *) ^ - K 1 (A(G) S ) - #i(A(G) s .) ^ K (fi(G) s ). 

But, since f2(G)s is semi-local, the natural homomorphism il(G)* s -» A'i($l(G)s) is 
surjective and hence Ki(Q(G)s) is generated by the image of S. The surjectivity of d 2 
thus follows from the fact that for each / £ S one has d2{{f,p}) = [/] E Ki(Q(G)s), 
where {f,p} denotes the symbol of / andp in K 2 (A(G)s») (indeed, the latter equality 
is proved by the argument of [113 Prop. 5]). From the above exact sequence we 
therefore obtain an exact sequence 

(9) K 1 (A(G) S ) -» ffi(A(G) s .) ^ K (!l(G)s). 
We next consider the map 

(10) Jl - K 1 (A(G) S ,) ^ K Q (n(G)s) ^ Kq{B(G)) S Z' 7 , 

where the first map is given by sending the «-th basis vector of 1/ to the class of 
fi = 1 + (p - l)ei (note that A(G)/A(G)/ 4 = B(G) := ft(G) s /Jac(tt(G)s) and 
where the canonical map a is injective by [H Chap. IX, Prop. 1.3] while the index 
set J parametrizes the isomorphism classes of simple modules over the semisimplc 
Artinian ring B(G). Let N be any closed normal subgroup of G which is both pro-p 
and open in H. Then it is straight forward to check that (TP)) factorizes through the 
composite 

(11) Z J = K (Sl(G/N)) A K (n(G/N) s ) i K (B(G)). 

Here the surjective map (3 comes from the exact localisation sequence and the iso- 
morphism 7 is induced from the fact that f2(G)g -» B(G) factors through the com- 
posite il(G)s -» n(G/N) s -» B(G) by the proof of QH Lem. 4.3] and the fact that 
Jac(fi(G/iV)s) is a nilpotent ideal. It follows that the map in (fTUj) is surjective and 
hence that d\ is surjective and a is bijective. 

If ®s{G) denotes the category of finitely generated A(G)s-modules which are Z p - 
torsion, then we have shown that the composite map 

(12) K (Vs(G)) = Mto(G)s) = Ko(B(G)) = Z J 
is bijective and that \J\ < \I\. 

By combining © with the surjectivity of d±, the bijectivity of (fT!?)) and the assertion 
of Lemma I3.5( i) below we obtain an exact sequence 

(13) - K 1 (A(G) S ) -» K 1 (A(G) S *) ^ K (S(G)) -» 0. 

Further, it is straightforward to show that, with respect to the isomorphism 
Ko (25(G)) = Z 1 of (J7J), this sequence is split by the map which sends the i-th ba- 
sis vector of 7L 1 to the class of fi in K±(A(G)s*). This proves the final assertion of 
Proposition 13.41 

We next consider the following diagram with exact rows 

> im ( is .) > A-!(A(G) S ) ► K (m s (G)) ► 

► im(i s .) > ^(A(G) S .) ► Ko(SJts.(G)) ► 0, 
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where tg* is the natural map Ki(A(G)) — > Ki(A(G)s*), 8 is induced by the embedding 
2Jts(G) C 9Jl s »(G) of categories and [TH Prop. 3.4] implies that each row is indeed 
exact. By applying the snake lemma to this diagram and comparing with the sequence 
(fHi|) we obtain an exact sequence of the form 

-> K Q (m s (G)) ^ KoWs* (G)) -> K (J)(G)) -» 0. 
The first assertion of Proposition 13 .41 now follows because this sequence is split by the 
homomorphism .Kg (25(G)) — > Ko($Rs*(G)) induced by the embedding of categories 
25(G) C Tls*(G). □ 

Lemma 3.5. 

(i) The exact scalar extension functor from A{G)-mod to A(G)s~mod identi- 
fies 25(G) with a full subcategory of 25$ (G) and induces an isomorphism 
K (Z(G))^K (®s(G)). 

(ii) The natural map i : Kq(D{G)) — > A'o(95Ts* (G)) is injective. 

(iii) TTie natural map Kq(Q(G/N)) — > Kq(Q(G/N)s) is bijective. 

Proof. The assignment M i— > (/i^ G ^(Af[0]))ig/ induces a homomorphism 

/x: K (m s .(G)) -Z 7 . 

Now from |7j and {8]) we know that fi o t is bijective whilst from Lemma I3.1f iii) we 
know 5(ii"o(95ts(G))) C ker(/i) where 6 is the homomorphism in diagram (fl"4"l) . This 
implies that t is injective (so proving claim (ii)), that /x is surjective and that |/| < | J|. 
But \ J\ < \I\ (sec just after ([T2)) and so |/| = |J|. 

Since |/| = \J\ the isomorphisms of (J7J) and (fTTI) combine to imply that the natural 
map i^ (25(G)) — > i^ (25s(G)) is bijective (proving claim (i)). 

In a similar way, claim (iii) follows by combining the equality |/| = \J\ together with 
the surjectivity of the map (5 in ifTTj) and the definition of the index set J (in (jTUJ) ) . □ 

4. Characteristic series 

In this section we associate a canonical 'characteristic series' to each complex in 
D V ~(A(G)). This construction extends the notion of 'algebraic p-adic L-functions' 
introduced in [7] and hence refines the 'Akashi series' introduced by Coates, Schneider 
and Sujatha in [T3]. It will also play a key role in our proof of Theorem 12.11 (see in 
particular the proof of Lemma [577]). 

4.1. The definition. If M is any (left) A(G)-module, then the completed tensor 
product 

lg(M) := A{G)® A[H) M 
has a natural structure as (left) A(G)-module. With respect to this action, one obtains 
a (well-defined) endomorphism A 7 of I^(M) by setting 

A 7 (x <E>a(H) y) ■= xi~ X ®\(H) IV 
for each x € A(G) and y £ M, where 7 is any lift of 7 through the natural projection 
G — ► P. It is easily checked that A 7 is independent of the precise choice of 7. Further, 
if M belongs to 95T S «(G), then [7J Lem. 2.1] implies that 

6^ := id — A 7 

induces an automorphism of the (finitely generated) A(G)s» -module I^(M)g». 
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The ring A(G)s» is regular [TH1 Prop. 4.3.4]. Hence there exists a natural isomorphism 
between K 1 (A(G)s*) and the group Gi(A(G)s*) which is generated (multiplicativcly) 
by symbols (a | M) where a is an automorphism of a finitely generated A(G)s*- 
module M (cf. [HI Th. 16.11]). For each complex C in £>g„(A(G)) we may therefore 
define an element of Ki(A(G)s*) by setting 

char G>7 (G) :=n<^|lg(^(C))^> ( - ir - 

iez 

For each G in _D?(A(G)) we also define an 'equivariant multiplicative /i-invariant' in 
MK^AiGm) K 1 (A(G) S ')) by setting 




^MG)( c ) ei \A(G) s .}, if G belongs to D|(A(G)) \ D P S (A(G)), 
if G belongs to D P S (A(G)). 



This definition makes sense since if G belongs to D?(A(G)) \ Dg(A(G)), then G has 
no element of order p. 

Definition 4.1. For each G in _D|(A(G)) the characteristic series ofC is the element 

char G , 7 (G) := x G (G) ■ char G/T (G) 

of K 1 (A(G) S -). 

Remark 4.2. If G = T, then A(G)s» = Q{T) and so there is a natural isomorphism 
i : Ki(A(G)s*) — Q(T) X . Further, if M is any finitely generated torsion A(T)- 
module, then t(char Gj7 (M[0])) = (1 + T)" A ( M )char T (A/) where A(M) is the Iwasawa 
A- invariant of M and charr(M) is the characteristic polynomial of M with respect to 
the variable T = 7 — 1. (For a proof of this fact see [71 Lem. 2.3]). 

Remark 4.3. In Proposition I4.7f i) we will prove that if G has no element of order 
p, then charc. 7 (G) is a 'characteristic element for G' in the sense of [T4J, (33)] (and 
see also Remark [6.21 in this regard). In Th. 4.1] it is proved that this is also 
true if G has rank one as a p-adic Lie group. In these cases at least, it therefore 
seems reasonable to regard charc; j7 (G) as the canonical 'algebraic p-adic L- function' 
associated to G. 

4.2. Basic properties. 

LEMMA 4.4. If Ci — > G 2 — > G 3 — > Gi[l] is an exact triangle in £>|(A(G)), then 
char Gi7 (G 2 ) = char G!7 (Gi)char G , 7 (G 3 ). 

Proof. If G has an element of order p, then each complex Cj belongs to _D^(A(G)) 
and so X G (G 3 ) = 1. If G has no element of order p, then the equality x G (G 2 ) = 
Xq(Ci)xq(C3) follows from Lemma I3.1f i) and Proposition I3.3f iv). The equality 
char G 7 (G2) = char G 7 (Gi)char G 7 (G3) is equivalent to that of [JJ Prop. 3.1]. □ 

Let U be a closed subgroup of H that is normal in G and set G\ := G/U, Hi := H/U 
and Si := Sc^^. Then there exists a natural ring homomorphism 7r Gl : A(G)s» — > 
A(Gi)s* and hence an induced homomorphism of groups 

7T Gl) * : Ki(A(G) s «) -► A' 1 (A(G 1 ) sr ). 
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Lemma 4.5. Let G\,H\ and S\ be as above. Fix C in _D?(A(G)) and assume that 
either C belongs to D V S (A(G)) or that G\ has no element of order p. Then C\ := 
A(Gi)<8>a(c?)C belongs to D? (A(Gi)) and 7TG 1 ,*(char ( 3 )7 (G)) = charG lj7 (Gi). 

Proof. If G belongs to Dg(A(G)), then C x belongs to D\{A{G X )) and so 
■kg u *(Xg( C )) = kg^A 1 ) = 1 = X Gl (Ci). If G does not belong to £>|(A(G)), then nei- 
ther G or Gi has an element of order p and the equality ttg 1 ^(x g (C)) — XgS^ 1 ) 
lows from Lemma l3.1f iv) and Proposition 13. 3f iv). The equality 7^,* (char Q 7 (G)) = 
charg i 7 (Gi) is equivalent to that of [7J Prop. 3.2]. □ 

In the next result we fix an open subgroup U of G and set Hjj := H C\U and 
Tjj := U/Hjj. We use the natural isomorphism Tjj = HU/H to regard Tjj as an 
open subgroup of T, we set djj := [T : Tu] and write for the topological gen- 
erator j du of Tu. We set Su ■= Su,h v and note that A(G), resp. A(G)s, resp. 
A(G)s* is a free A(U)-, resp. A(U)s u -, resp. A(f/)s* -module, of rank [G : U]. In 
particular, restriction of scalars gives natural functors Dg(A(G)) — > (A(C/)) and 
D 1 g,(A(G)) — > Dg, (A(J7)) and a natural homomorphism 

re Sc/ ,* : JTi(A(G) s .) -> K 1 (A([/) S .). 

Lemma 4.6. Let G and [/ be as above and fix C in D P ~(A(G)). Then C\ := res^G 
belongs to D?(A(G)) and reS(7 ! *(charG. 7 (G)) = char[/, 7Lr (Gi). 

Proof. We prove first that rcS[/,*(xg(G)) = Xc/(Ci)- The complex G belongs to 
Dg(A(G)) if and only if Gi belongs to D$ (A(U)) and in this case rest/,*(Xc(G)) = 
1 = x^(Gi). We may therefore assume that G belongs to D p s , (A(G)) \Z>§(A(G)) and 
hence that G (and also f) has no element of order p. By the same argument as used 
in the proof of Proposition 13 . 3f iii) . we can also assume that G = Y a [Q] for some index 
a in /. Then for each i G I one has Ma(G)(^0 = (Y a ,Yi) = 6 a i and so 

™suAXg( C )) = ies u,*((pe a \A(G) s *)) = res [ / j *((p|A(G)g.e )). 

We write {f 3 : j G J}, {Jf(i7)j : j S J} and {Y(£/).j : j <E J} for the idempotents 
of A(U) as well as the submodulcs of Q(U) and A(G) that are analogous to the 
idempotents of A(G) as well as the submodulcs Xi of A(G) and Yi of fl(G) defined 
in gOl For each j in J wc set m 3 := (A(G)e a ,X(U)j) = (Y a ,Y(U)j). Then the 
A(/7)s* -module A(G)s»e is isomorphic to ^j eJ {A(U)s^fj) mj and hence the last 
displayed expression is equal to (YljeJ /j|A(J7)s» ) = Xc/( res c/^a[0]), as required. 
It remains to prove that res[/ i *(charg 7 (G)) = char^ (Gi). To do this we may 
assume that G = M[0] for a module A/ in 5Dts*(G) so that charg 7 (C) is equal 
to (<5 7 | I§(M) S .). Now the A(U) S * -module lg(M) s . is equal to the direct sum 
e:;^" 1 A 7l (I^(Af) s& ) SS 0-Io C/ " 1 I^(M) s . where the isomorphism identifies 
each translate A 7 >(I^ (M)s* ) with 1^ (AfW in the natural way. With respect to 
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this decomposition <5 7 is the automorphism given by the djj x djj matrix 

/id -id \ 

id -id 

id -id ... 



id -id 

\-A jdu o o id y 

Elementary row and column operations show that this automorphism represents the 
same element of Ki(A(U)s^ ) as does the automorphism a of (Bi^o^" 1 1^ (A^)s* 
that acts as id — A 7 d [/ on the last direct summand and as the identity on all other 
summands. The required result thus follows because, since 8 lu := id — A d V , the 
class of a in Ki(A(U)sfr) is equal to (S 7u \ V^ u (M)s*) =: char^ 7[/ (Ci). □ 

4.3. The proof of Theorem 12. 11 We deduce Theorem l2.1l as a consequence of the 
following result. 

Proposition 4.7. Assume that G has no element of order p. 

(i) For each C in D P S ,(A(G)) one has G (char G , 7 (G)) = EiezC -1 )* 4 " 1 ^^)]- 

(ii) There exists a (unique) homomorphism XG.-y from A"o(97ls* (G)) t° 
Ki(A(G)s") that simultaneously satisfies the following conditions:- 

(a) for each M in 9Jts»(G) one has x G , 7 ([Af]) = charge (M[l]), ■ 

(b) xg,7 *s right inverse to c* G ; 

(c) xg,7 respects the isomorphisms of Proposition \3~%\ 

(d) Let U be a closed subgroup of H that is normal in G and such that 
G := G/U has no element of order p. Set H := H/U and S := SqJj. 
Then there is a commutative diagram 

K {m s .(G)) -^L, Ki(A(G)s*) 



K (Tls*(G)) A'i(A(G)^) 
where the vertical arrows are the natural homomorphisms. 

Remark 4.8. Proposition I4.7f i) shows that char Gj7 (G) is a 'characteristic element 
for C" in the sense of P31 (33)]. The surjectivity of 9 G (which follows directly from 
Proposition I4.7f ii) (b) ) was hrst proved in [HJ Prop. 3.4]. 

The proof of Proposition 14.71 will be the subject of tj4.41 However, we now show that 
it implies Theorem 12. II To do this we consider the map 

La : K (Q(G)) © K (Tl s (G)) im(A" 1 (A(G)) - K 1 (A(G) S ,)) -> X 1 (A(G) 5 .) 

which for each M in fi(G), N in Wl s {G) and u in im(A'i(A(G)) -> K 1 (A(G) S .)) 
satisfies i G (([M],[N],u)) = char Gi7 (M[l])char G!7 (N[l])u. Then Proposition ET~7Tii) 
implies that i G is a well-defined homomorphism which, upon restriction to the sum- 
mand K (Q(G)) © K (DJls(G)), gives a right inverse to the composite Ki(A(G)s* ) — > 
K (DJl s * (G)) -► K (Q(G)) © K (Wl s (G)) where the first arrow is d G and the second 
is the isomorphism of Proposition 13.41 The exactness of the lower row of (p~4|) thus 
implies that t G is bijective. This completes the proof of Theorem 1 2. II 
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4.4. The proof of Proposition 14.71 In addition to proving Proposition 14.71 wc 
also translate Definition 14.11 into the language of localized ATi-groups introduced by 
Fukaya and Kato in [18]. We therefore use the notation of Appendix A. 

4.4.1. S-acyclic complexes. In [23 Prop. 2.2, Rem. 2.3] Schneider and the second 
named author have proved that for each bounded complex P of projective A(G)- 
modulcs in £)<i(A(G)) there exists an exact sequence of complexes in D P (A(G)) 

(15) ^lg(P)^lg(P)^P^0 

where in each degree i the morphism 6, respectively w, is equal to the homomorphism 
8 1 : I^r(P') — > ^(P 1 ), respectively to the natural projection I^P 1 — ► P % ■ We may 
therefore define a trivialization 

ts(P) : 1a ( g) -> d A(G) (lg(P))d A(G) (lg(P))- 1 - d A(G) (P) 

where the first arrow is induced by the identity map on I#(P) and the second by 
applying property A.d) to the exact sequence (|15p . By using property A.g) of the 
functor d\(G) we then extend this definition to obtain for any object G of Dg(A(G)) 
a canonical morphism 

ts(C) ■ 1a(G) — * d A (G)(C). 
This morphism is analogous to those that arise naturally in the context of varieties 
over finite fields (cf. [H Lem. 3.5.8], §3.2]). 

Lemma 4.9. For each C in D^(A(G)) one has ch A(G ) jSc ([G, t s (C)]) = char G (G). 

Proof. One has c1ia(g),Ec ([G, ts(C)]) = 9c,t s (c) where the latter element is defined 
in QJ (1)]. To compute 9 c ,t s (C) we set Q := A(G)<?., C Q := Q <g> A (G) G, H(G)q := 
Q ®A(G) H(G) and H(G)h ) q := Q (8>a(j?) H(G) and consider the diagram 

1 Q ^ d Q (H(G) H , Q )d Q (H(G) ff , Q )- 1 ^ d Q (H(C) Q ) ^ d Q (C Q ) 

as 

1 Q ^ d Q (H(G) H , Q )d Q (H(G) ff , Q )- 1 ^ d Q (H(C) Q ) ^ d Q (C Q ). 

In this diagram a\ is induced by the identity map on H(C)h,q, &2 results from 
applying property A.d) to (fT5|) with G = H(G), o?3 is property A.h), 04 is induced 
by dg(H((5 7 )) and is defined so that the first square commutes. The upper row 
of the diagram is equal to the morphism lg — > dg(Gg) induced by ts(C) whilst the 
lower row agrees with the morphism 1q — > dg(Gg) induced by the acyclicity of Cq. 
From the commutativity of the diagram we thus deduce that the element 9c } t s {C) of 
K\{Q) is represented by a§. On the other hand, a comparison of the maps o,\ and 
shows that as represents the same clement of K\{Q) as does the morphism 

d Q (R(C) H , Q ) ^l[d Q (H*(C) H , Q )^ - Y[d Q (W(C) H , Q )^ - d Q (K(C) H , Q ) 

iez iez 

where the first and third maps use property A.h) and the second map is 
FJ ieZ dQ(P l (<5 7 ))( -1 '* . From here we deduce the required equality 

0H(C) jts (H(C)) = H(Sj I H l (C) H , Q )^ e K X {Q). 

iez 

□ 
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4.4.2. p-torsion complexes. In this subsection we assume that G has no element of 
order p (so that £>p(A(G)) identifies with D fg (A(G))). 

If T is a bounded complex of finitely generated 0(G)-modules, then there is a 
bounded complex of finitely generated projective f2(G)-modules P that is isomor- 
phic in D(Sl(G)) (and hence also in D P (A(G))) to T. Also, following the discussion 
of M3-31 in each degree i there is a finitely generated projective A(G)-module P l and 
an exact sequence of A(G)-modules 

(16) -> P l A P l -> P l -> 0. 
We may therefore define a morphism 

t(T) : 1 A(G) - n( d A(G)(i 3i )d A ( G )(^)- 1 ) ( - 1)i - 

n d A(G)(^) ( ~ ir = d A (G)(P) - d A(G) (T) 

where the first arrow is induced by the identity map on each module P 1 , the second 
by applying property A.d) to each of the sequences (jTSJ) and the last by the given 
quasi- isomorphism P = T. If now G is any bounded complex of modules in 2)(G), 
then there exists a finite length filtration of C by complexes 

(17) = G d cG d -iC---GiCG o = G 

so that each quotient complex Tj := Gj/Gj+i belongs to D p (f2(G)) (and hence to 
Z? P (A(G))). This gives an identification d A ( G )(G) = Oo<i<d d A ( G ) (Ti) and, with 
respect to this identification, we set 

t(C):= [] «T t ). 

Q<i<d 

This definition is easily checked to be independent of the choice of filtration (j 1 T[) and, 
for each i, of isomorphism P = Ti and resolution (fl6|) used to define i(Tj). 

Lemma 4.10. If G has no element of order p and C is any bounded complex of modules 
in D(G), then in A" 1 (A(G) S * ) one has ch A(G)>Ss , ([G, t(C)]) = X G (G). 

Proof. This follows from the definition of ch A ( G ) Ss> , and the fact that there is a res- 
olution (HU) of the form A(G) n ^ A(G) n -► P j ^ where n = £-Ii(P J ', %i) 
and d 3 is given with respect to the canonical basis by the diagonal matrix with en- 
tries ff ' Xz \ 1 < i < n, where the natural numbers (P J \Xi) arc defined via the 

decomposition P° = l| P ' Xz K The fact that the /i-invariants give the correct 

multiplicities is the same as for [TJ Prop. 4.8]. □ 

4.4.3. The proof of Proposition |^.7[ For each complex G in Eg* we write H(G)t or 
and H(G) tf for the complexes with H(G)j or = iT(G) t0 r and H(C)j f = H' l (C) ti in 
each degree i and in which all differentials are zero. There is a tautological exact 
sequence of complexes — > H(G)t or — ► H(G) — > H(G) t f — > and hence an equality 
[G] = [H(G)] = [H(G)tor] + [H(G) tf ] in K (Wl s * (G)). From Definition O it is 
also clear that x G (C) = X G (H(G) to r) and char G (G) = char G (H(G)tt )■ Claim (i) 
therefore follows upon combining Lemmas 14.91 and 14.101 (with C replaced by H(G) t f 
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and H(C)tor respectively) with the following fact: there is a commutative diagram of 
homomorphisms of abelian groups 

A" 1 (A(G),S S .) — ^ K (Ils') 

ch A(G) ,E s , I I I 

tfi(A(G) s .) K (M S .(G)) 
where 9' sends each class [C, a] to — [[C]] (cf. [TH Th. 1.3.15]) and i sends each class 
[[CI] to Ei e z(.-l)WC)] (cf. BS §4.3.3]). 

Regarding claim (ii) we note first that if a homomorphism XG,-y exists satisfying 
property (a), then it is automatically unique. Next we note that Lemma 14.41 im- 
plies that the assignment M i— > char G , 7 (M[l]) for each M in S0tg«(G) induces a 
well-defined homomorphism y Gj7 ■ ATo(97ts* (G)) — > Ad(A(G),s») and claim (i) im- 
plies that this homomorphism is a right inverse to <9 G . Further, for each M in 
2)(G) and A r in 9Jt s (G) one has char Gj7 (A/[l]) = x Gj7 (M[l]) £ l(K (Q(G))) and 
char G , 7 (N[l]) = char G>7 (iV[l]) £ i(ATo(9Jt,s(G))) (where the latter equality follows 
from Lemma l3.1f iii)) and so property (c) is satisfied. Finally, the commutativity of 
the diagram in (d) is a direct consequence of Lemma 14.51 

5. Descent theory 

In this section we consider leading terms of elements of K\(A(G)s* ) and in particular 
prove Theorem 12.21 The approach of this section was initially developed by the first 
named author in an unpublished early version of the article [7J. 

We deal first with the case that G is acyclic. In this case the complex Z p [G] ®a(g) C 
is acyclic so [d z ^(Z P [G] <8>Jy(G) C),i(G)g] is the zero element of A' (Z p [G], Qp[G]) 
and also £ belongs to the image of the natural map ATi(A(G)) — > ATi(A(G)s*). The 
equality of Theorem 12.21 is therefore a consequence of the following result. 

Lemma 5.1. If u belongs to the image of the natural map A : K\(h(G)) — » 
K\(h(G)s*), then for each finite quotient G of G the element (u* (p)) peln (Q-\ belongs 
to ker(9g). 

Proof. Let O be the valuation ring of a finite extension L of Q p such that all 
representations can be realised over O. If v G Ad(A(G)) with u = X(v), then 
u*(p) = u(p) = X(v)(p) £ O x for all p £ Irr(G). Thus by functoriality of AT-theory 
and the fact that the canonical map ATi(Ao(r)) — > Ki(O) is equal to the 'evaluation 
at 0' map Ae>(r) x — > O x , the image of v in A"i(Z p [G]) under the natural projection 
is mapped to (it*(p)) p6lrr(S) £ Ki(L\G\). □ 

5.1. Reduction to S'-acyclicity. We now reduce the general case of Theorem l2.2l 
to the case that G belongs to Dg(A(G)). In this subsection we therefore assume that 
G has no element of order p. 

Lemma 5.2. If G has no element of order p, then it is enough to prove Theorem \2.Si 
in the case that C is acyclic outside at most one degree. 

Proof. We assume that the result of Theorem 12.21 is true for all complexes that are 
acyclic outside at most one degree. To deduce Theorem l2.2l in the general case we use 
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induction on the number of non-zero cohomology groups of G (which we assume to 
be at least two). We let n denote the largest integer m for which H m (C) is non-zero. 
We set Ci := H n {C)[— n] and write G2 for the truncation of G in degrees less than n 
(which has fewer non-zero cohomology group than does G). Then there is an exact 
triangle in Dg,(A(G)) of the form 

(18) C x -^C^C 2 ->Ci[l] 

and the assumption that G is semisimplc at p implies that G\ and G2 are also semisim- 
ple at p (for any p in Irr(G)). Let £ be an element such that <9 G (£) = [C]. If £1 is such 
that dafa) = [Ci], then £ 2 := ftf 1 satisfies 3 G (&) = d G (0 - d G (^) = [G] - [d] = 
[C2], where the last equality follows from (fT8|) . Hence, by the inductive hypothesis, 
one has 

(19) (P))p = +%((£ 2 *(p))p) 

= -[^[GiCC'i.g).*^)^] ^ [^[01(^2,3). MCa}s\. 

where C, g := Z p [G] ®a(G) ^ for * = 1, 2. Now if we set (% := Z P [G] <&5u G ) C, then 
(fl8|) induces an exact triangle in D p (Z p [G]) 

Ci.g * ^g" * ^2,g ~^ *-%gW 

and, with respect to this triangle, the trivialisations t{C\)-Q, t(C)-Q and t(G2) G satisfy 
the 'additivity criterion' of [3J Cor. 6.6]. Indeed, for each p in Irr(G) the cohomology 
sequence of the exact triangle 

% ®\ ( r) Ci, P - Q L P ®k ( r) C„ - Qp < (r) G 2 .p - Q p < (r) G ljP [l] 

(that is induced by (jTHJ) ) gives an equality r G (G)(p) = r G (Gi)(p) + 7" G (C2)G°) and a 
short exact sequence of complexes 

-» H b oek(A(Ci,p,7)) -► H bock (A(G p , 7 )) - H bock (A(G 2 , P , 7)) 0. 
Here we use the notation of Appendix [Bl and write A(G p , 7 ) for the triangle 

(20) Q c p Gp ^> % ® h Gp - Q£ ®\ o (r) Gp - Q£ ®^ G p [1] 

where 7iP is induced by multiplication by 7 — 1, and we use similar notation for 
Gi and G2. This means that the criterion of [3j Cor. 6.6] is satisfied if one takes 
(in the notation of loc. cit.) E to be Q p [G], P Q — ► R A- P[l] to be the exact 
triangle (|18[) (so ker(iJ cv as) = ker(i/ od as) = 0) and the trivialisations tp, tQ and 
t R to be induced by (-l) rG ^ Cl ^ p h(C hp ), {-l) rGic K p h(Cp) and (-l) rG(C2)(p) t(G 2 , p ) 
respectively. From [3J Cor. 6.6] we therefore deduce that the last element in (|TT))) is 
indeed equal to — [d Z!> ^(Z p [G] £3>5{(G) G),t(G)g], as required. □ 

Taking account of Lemmas 15.11 and 15.21 we now assume that G is acyclic outside 
precisely one degree. To be specific, we assume that G = M[0] with M in VJls* (A(G)). 
Then there is an exact triangle of the form 

(21) M tor [0] -> M[0] -> Mtf [0] -» M tor [l] 
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where M toI belongs to D(G) and M tor to 9Jts(A(G)). In this case one has t(M{0])fj = 
t(M t { [0])q and so (by another application of [3] Cor. 6.6]) 

(22) [d Zp[3) (Z p [G] ® A(G) M[0]), t(M[0]fe] = 

[d Zp[S] (Z p [G] ® A(G) M tor [0]),can] + [d Zp [G] (Z p [G] ® A(G) M tf [0]),t(M[0]) G ] 

with can the canonical morphism ^ (Q P [G] <8> A ( G ) -^tor[0]) = d^^^O) — > 1q [^j- 

Lemma 5.3. Lef A^ &e an object o/2)(G). // £ is any element of Ki(A(G)s*) with 
9 G (£) = [Af[0]], then for any finite quotient G of G one has 

%((r(p)) P ) - -[d Zp[G] (Z p [G] ®\ {G) N[0]),can}. 

Proof. An easy reduction (using devissage and the additivity of Eulcr characteristics 
on exact sequences in S(G)) allows us to assume that N is an object of £>(G) which 
lies in an exact sequence of A(G)-modules of the form 

(23) O^Q^P^N^O 

where Q and P are both finitely generated and projective. (Indeed, it is actually 
enough to consider the case that Q = P = A(G)e^ for an idempotent ei as in tj3.3l and 
with d equal to multiplication by p.) 

To proceed we identify the subgroup K (D(G)) of Kq(WIs* (G)) with the relative 
algebraic if-group A~ (A(G), A(G)[|]). To be compatible with the normalisations 
used in £|1.2l we fix this isomorphism so that for every exact sequence ([23]) the element 
[A] of AVD(G)) corresponds to the element {Q,d',P) of K (A(G), A(G)[±]) with 
61 :=A(G)[i] ® A(G) d. 

Now since A(G)[i] <8>a( G ) N = the localisation sequence of if-theory implies that 

any clement £ as above belongs to the image of A"i(A(G)[i]) in Ki(A(G)s*)- This 

implies in particular that = £(p) for all p in Irr(G). The natural commutative 

diagram of connecting homomorphisms 

#i(A(G)[|D > X (A(G),A(G)[i]) 

I I 

#i(Q P [G]) A' (Z P [G],Q P [G]) 

also then implies that <%((£* (p))p) = (Qg> ^g) wrtn Q~G := ^plp] ®A(G) Q> P~g := 
Z p [G] ®a(g) P an d dg- := Q P [G] ®a(g) d. Hence, with respect to the isomorphism ([2]) 
(with F = Q p ), one has 

(24) %((r(p))p) = [d Zp[G] (Q G )d Zp[G] (P G )-\r] 
with r equal to the composite morphism 

d Qp[ G](Q P ®z p Q^d^pjCQp ® Zp Pg)- 1 

d Q p [G](Qp ®Z P P G) d Q p [G\(Qp ®Z P P g) _1 = !q p [G] 

where the first arrow is induced by ^ (<%■) ■ Finally we note that the (image under 
Z p [G] ®a(g) — 01 the) sequence (f2"3"]l induces an isomorphism in D p (Z p [G]) between 
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Z P [G] 8)J{(G) ana - the complex — ^ where the first term is placed in degree 
— 1 and d-Q := Z p [G] <8a(G) d and this implies that the element on the right hand side 
of ([24]) is the inverse of [d z ^(Z P [G] <8>a(g) -^IP])> can ]i as required. □ 

Lemmas 15.11 15.21 and 15.31 combine with (l2"Tj) and (f2"2")l to reduce the proof of Theorem 
12.21 to consideration of complexes in £)?(A(G)). In the remainder of we shall 
therefore assume that G belongs to Dg(A(G)). 

5.2. Equivariant twists. In this subsection we introduce the algebraic formalism 
that is key to a proper understanding of descent. 

5.2.1. The definition. We fix an open normal subgroup U of G and set G := G/U. 
We write 

: A(G) -> A(G x G) S Z P [G] ® A(G) 

for the (flat) ring homomorphism which sends each element a of G to a ® a where a 
is the image of a in G. Then for each A(G)-module M the induced A(G x G)-module 
A(G x G) ®a(g),a^ can be identified with the module 

tw^(Af) := Z P [G] ®M 

upon which G acts via left multiplication and each a 6 G acts by sending x <8> y to 
xct -1 ® cry. This construction extends to give an exact functor G >—> tWg(G) from 
L>p(A(G)) to DP(A(G x G)) and for each such G we set 

tWa(C) H := A(G x r) < ( g xG) twg(G) e £>P(A(G x F)). 

5.2.2. .Base change. For each s £ A(G) we write r s and r^— ( s ) for the endomorphisms 
of A(G) and A(G x G) given by right multiplication by s and Ag(s) respectively. 
Then cok(rA ( a )) is isomorphic as a A(G x G)-modulc to tWg(coker(r s )) and so is 
finitely generated over A(G x H) if coker(r s ) is finitely generated over A(H). This 
implies that Aq(S*) C S* where S := Sg.h and S\ := Sq xG q xH and so induces 
a ring homomorphism 

(25) A(G)s* A(G x G) sr - A(G x r) s . = Q(G x r) 

where 52 := Sq xT q, the second arrow is the natural projection and the equality is 

because G x T has dimension one (as ap-adic Lie group). These maps induce a group 
homomorphism 

7r Sxr : K 1 (A(G) S .) -> #i(Q(G x F)) 

which forms the upper row of a natural commutative diagram of connecting homo- 
morphisms 

K 1 (A(G) S ,) > K 1 (A(GxG)s* 1 ) ► (A(G x r) SJ ) 

(26) 1 1 1 
K (A(G),A(G) S ') > K (A(GxG),St) ► X (A(G x T), S 2 *) 

where we write K (A(GxG), SI) and K (A(G x F), S%) for K {A(Gx G), A(G x G) s >) 
and K (A(G x F), A(G x F) 5 .) respectively. 
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5.2.3. Reduced norms. We set R := A(G x T). Then the algebra Q(R) identifies with 
the group ring Q(A(T))\G] and, with respect to this identification, one has 

(27) C(Q(fl))c((Q c (fl))= J] W) 

pGlrr(G) 

where Q C (R) := Q c p ® Qp Q(R) and Q C {T) := Q c p ® Qp Q(A(T)). We write x = (x p ) p for 
the corresponding decomposition of each element x of £(Q C (R)). 
In the next result we write Nrdg^) : Ki(Q(R)) — > C(Q C (R)) X f° r the reduced norm 
map of the scmisimplc algebra Q(R) and use the homomorphisms $ p defined in ([5]). 

Lemma 5.4. For eac/i £ in A'i(A(G) s -) one ftoa Nrd Q(ii) (7r Gxr (£)) = ($p(£)) p6lrr(5 ) • 

Proof. It suffices to show that each homomorphism $ p is equal to the composite 

/U(A(G) S .) - A'i(A(G x G)^ xG ) - *Ti(Q(i2)) - C(Q C (R)) X - Q c (r) x 

where the last arrow is projection to the p-component (under ([27]) ). 

From [H Prop. 4.2, Th. 4.4] we know that the natural map A(G)| -»• Ai(A(G)g) 

is surjective. Since A(G)| = S S it is therefore enough to check the claimed result 
for elements of the form (r s | A(G)g). Also, if V p is a finite dimensional Q p -space of 
character p, then for each x in Q(R) X one has 

(28) Nrd Q(fl) ((t x I Q(R))) P = det Q c (r) (a, | Hom Q? (V p , Q c p ) ® % Q c (r)) 

where x € Q(A(r))[G] acts on HoniQc (y p , Q p ) ®q p Q(A(r)) via the natural actions of 
G on HoniQc (V p ,Q p ) and of Q(T) on Q(T) (cf. [251 §3]). 

Now in computing $ p one must fix a Q p -basis {vi : i G 1} of V p . The claimed result 
follows because, if one computes with respect to the Q c (r)-basis {vt ® 1 : i 6 /} of 
HoniQc (V p , Qp) <8>qc Q c (r), then 4> p (s) is the matrix of the action of the image of 
Auisfin Q(R) on Hom Q c(^ p ,Q p ) ® % Q C (T). □ 

5.2.4. Semisimplicity. There are natural isomorphisms in D p (Z p [G]) of the form 

Z p (g)\ (r} twg(G)ff S Z p tw G (G) S Z P [G] ®^ (G) G 

and hence an exact triangle in D(A(G x T)) of the form 

A(t«; G (G), 7 ) : tw^O) H ^ tWg(G) H Z P [G] < (G) G -► tu; G (G) H [l] 

where 7 is induced by multiplication by 7 — id g A(r) on A(G x T). 
In the next result we use the terminology and notation of Appendix [B] 

Lemma 5.5. Assume that C is semisimple at p (in the sense of [T21 Def. 3.11],) for 
every p in Irr(G). Then 

(i) 9-y is semisimple; 

(ii) r G (C)(p) = E ie z(-l) ?+1 dim Q c(Hom Q , [Z?] (F p ,Q- ® H\t^(C) H ) r )); 

(iii) with respect to the decomposition |^) one has Pq p ®/\(tw— (C).-y) = 
(i(Cp))pgi rr (G) w here Q p ® A(tltr G (G), 7) denotes the exact triangle in 
D P (A(G x r)[-]) obtained from A(tio G -(G), 7) &?/ scalar extension. 
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Proof. For any finitely generated A(G)-modulc P there is a natural isomorphism of 
A(G x r)-modules 

A(G x T) ® A(GxG) ® Zp P) = A(T) ® A (G) (Zp[G] ® Zp P) 

where the action of G on the second module is just on 1 p [G] (from the left). Thus 
one has the following isomorphisms of Aqc (r)-modulcs 

tp%\G] ® Zp[ G] tWc(P) H = Aqc (r) ®^ (G) (e p Q^[G] ® Zp M) 

= A Q .(r)®i Qg(G) (V p ,® Zp M) 
= Qp®oG p 

and 

e p Q^[G] ® Qj[G] (Q c p [G] ® A(G) G) - V> ® A(G) G - Q£ ® Ao(r) G p . 

Upon applying the (exact) functor e p Q p [G] ® z rg, — to A(tiy G (G), 7) we therefore 
recover the exact triangle A(G P ,7) defined in (f20|) . This implies in particular that 
7 is semisimple if and only if # 7iP is semisimplc for every p in Irr(G). Claim (i) thus 
follows directly from the definition of 'semisimplicity at p' (in terms of # 7jP ). The 
same reasoning also proves claims (ii) and (iii) since 

r G (C)(p) = ^(-l) l+1 dim Q c(iT (Q- ® C p f) 

(by [HI Lem. 3.13(h)]) whilst i(C p ) is, by definition, equal to /?A(C ,7)- ^ 

5.3. Leading terms. In this section we fix an element £ and a complex C as in Theo- 
rem l2.2l Then Lcmma l5.5f i) implies that the morphism # 7 of tw G (G)jj is semisimplc. 
Hence in each degree i there is a direct sum decomposition of A(G x r)[i]-modules 

(29) Q p ® JP(tw G (G) H ) = £>* © £)* 

with Dg := Qpgiker^^)) = Q p ® iP(tw G (G) ff ) r and Dj := Q p ® m^if^)). By 
assumption, both and D\ are finitely generated (projective) Q p [G]- modules and 
H z (6 7 ) induces an automorphism of D\. 

The proof of the following result will occupy the rest of this section. 
Proposition 5.6. %(((-l) rG(c)( ' j) e(p)) peIrr( G ) ) = E, eZ (-l) J %((^(^) I D\)). 

5.3.1. The descent to Q(R). We write £ for the subset of R consisting of those el- 
ements of A(r) with non-zero image under the projection A(r) — > Z„. This is a 
multiplicativcly closed Ore set in R which consists of central regular elements. 

Lemma 5.7. For each integer i we set M i := (lg xr (ir(tw G -(G)#) r ))s. . Then the 
element 

y 6 := Nrd Q(Ji) (7r Gxr (0n^ I M*)'" 1 ^ 1 ) 
belongs to C(i?s) x C C(Q(i?)) x . 

Proof. We set AT := tw G (G)ij. Then the commutative diagram ([26]) implies that 
%xr( 7r Gxr(0) = [X]. But AT belongs to D P S (R) and so Th. 4.1(h)] implies that 
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also 5g xr (charQ xr 7 (X)) = [X]. Hence the exact sequence ([1} (with G replaced by 
G x r) implies that there exists an element u of Ki(R) with 

(30) ^GxrCO = '-i(«)char Sxr7 (X) 

where l\ is the natural homomorphism Ki(R) — > Ki(R-z) — > K~i(Q(R)). 
For each integer i we now set AT* := (lg xr (iJ t (tWg(C) H )))s«. Then the term (5 1 \ N 1 ) 
occurs in the definition of char-^ xr y (X) = char^ xr (X). From Lemma [5.81 below 
the action of <5 7 on N l restricts to give an automorphism of i?s ®q [g] -DJ • From ([2"9")l 
it follows that (<5 7 A^ 1 ) is equal to 

(<5 7 | Q(R) ® Qp[5] D* >(<5 7 | Q(i?) ® Qp[??] D*) 

= (J 7 | Q(R) <g> Qp[3] £>5>t»«& y | i?s ® Qp[ G] £>i» 

where (,£ is the natural homomorphism Ki(R^) — > K 1 (Q(R)). Hence by combining 
(|3l7|) with the definition of char^ xr 7 (A) one finds that 

(31) wo i ^> ( ~ i)i+i = ^cxr(e) i q(«) ® Qp[ G] ^o> ( - i),+i 

ieZ iGZ 

= ti(tt)t E (II<&r I ^ ® Qp[ G] ^) ( - ir ) G im(t E ). 

iGZ 

Now i?x; is finitely generated as a module over the commutative local ring A(r)s and 
so is itself a semi-local ring (cf. [THl Prop. (5.28) (ii)]). The natural homomorphism 
R£ -> K^Ry) is thus surjective (by [HI Th. (40.31)]) and so (JSJ) implies that the 
element 7Tg xr (£) IIiez(^7 I AP)( _1 ) ,+1 is represented by a pair of the form (r y | Q(R)) 
with y £ Now both y and z/ -1 are of the form zu^ 1 for suitable elements 

z £ R n Q(R) X and er S S. Thus, to complete the proof of the lemma, it suffices to 
prove that for all such z and a both NrdQ(^)((r z | Q(R))) and Nrdg(^) ((r CT -i | Q(R))) 
belong to C(-Rs)- But (28) implies Nrd Q(jR) ((r CT -i | Q{R))) = {^ d ") P G C(#e) with 
dp := dimQc(y p ). Also, if Z£ is the integral closure of Z p in Q p and T p is any full 
Zp-sublattice of V p , then the action of G on T p induces a homomorphism g : R = 
A(r)[G] -► M dp (Z c p ® A(r)) and (EH) implies Nrd Q(fl) ((r s | Q(i?))) = (det(g(z))) p e 
(Qp ® COR)) n C(Q(R)) = Q P ® C(-R) £ C(-Rs), as required. □ 

Lemma 5.8. <5 7 induces an automorphism of R^ (8>q 

Proof. The argument of [571 Prop. 2.2, Rem. 2.3] gives a short exact sequence 

- A ®Z P [G] £>j ^ * ®Z P [G] C l ^ D\ -> 

and so it suffices to show that (-Di)e = 0. But := Qp®im(iJ l (0 7 )) and, regarding 
im(i? l (# 7 )) as a (finitely generated) module over A(r) C i?, the decomposition ([29)) 
implies that im(iP(# 7 ))r is finite. This implies that im(iJ*(0 7 )) is a finitely generated 
torsion A(r)-module whose characteristic polynomial f(T) is coprime to T. It follows 
that f(T) is invertible in i?s and so (-D|)s = hn(iJ l (# 7 ))s = 0, as required. □ 
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5.3.2. The proof of Provosition \5.6\ From Lemmas 15.41 and 15.71 wc know that 

(32) (C(p)II( Nrc W^ I ^)));(0) ( - 1)i+ \ eIrrf G) =t(%) 

where ir is the natural projection £(i?s) x — > C(Qp[C]) x . But if a; is in i?^, then 
Nrd Q(i?) ((r x | belongs to C(-Rs) x (see the proof of Lemma [577]) and (J25J 

implies 7r(Nrdg( i?) ((r^ | Q(R)))) = (Nrd^^ ((r- | Q p [G])) p with x the image of x in 

Q P [G] X . Hence implies 7r(y e ) = Nrd Qp[S] («) n ieZ Nrd Qp p ((1P(0 7 ) | ^i))^ 
where tt is the image of u under the natural composite homomorphism K\(R) — ► 
Ki(Z p [G]) -> A'^QpIG]). But = and so 

(33) = I D\))- 

The equality of Proposition l5.6l thus follows upon substituting (J22J) into (|3"3"|) and then 
using both the explicit formula for rc(C)(p) given in Lemma l5.5f ii) and the following 
result (with M = H l (twjv(G) h) for each i). 

Lemma 5.9. If M is any finitely generated R-module, then for each p in Irr(G) one 
has (Nrd Q(Ji) (5 7 | lg xr (M r ) s .)) P (0) = (^f^^mM®^. 

Proof. Set W p := HomQ C jg](Vp,Qp Cg> M r ). Then there are natural isomorphisms of 
Q(r)-modulcs of the form 

Hom Q . p (^,l| xr (M r ) s ,) = Rom Qm (V p ,Q c (T) ® Zp M r ) = Q C (T) ® % W p 

under which the induced action of <5 7 on the first module corresponds to the endo- 
morphism S y of the third module which sends x®% v m to s(7 _1 — 1) ®z p m- It follows 
that Nrd Q(i?) ((5 7 | (lg xr (M r )) p is equal to 

det QO(r) (5 7 | Q C (T) ® % W p ) = det QC(r) ( 7 - 1 | Q c {r) f™ % (w p ) 

= (-T/(l+T)f imV r {Wp) 

where the last equality follows from the fact that 7 -1 — 1 = (1 — 7)/7 = — T/ (1 + T). 
From this explicit formula it is now clear that the first non-zero coefficient of T in the 
series Nrd Q(fl) (<5 7 | (l| xr (M r )) p is equal to (_i) dim ^(^p). □ 

5.4. Completion of the proof of Theorem 12.21 We set N :=U n H. Then in 
each degree i there is an isomorphism of A(G)-modules 

H\t^{C) H ) = Z P [G] ® HH/N) W(A(G/N) ®\ (G) C). 

But A(G/N) (8)^ (G) G belongs to Dg Q N h n (A(G/N)) and so each i7 4 (tWg(G) H ) 

is a finitely generated Z p [G]-module. This implies that A(tWg(G),7) is an exact 
triangle in _D p (Z p [G]). In view of Lemma [5.51 and Proposition 15.61 we may there- 
fore deduce Theorem 12.21 by applying the following result with Q = G ', R = X p and 
A = A(tw^(G) )7 ). 
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Proposition 5.10. Let Q be a finite group, R an integral domain and F the field of 
fractions of R. Let A : C — » C — > D — > C[l] be an exact triangle in D P (R[Q\). 
Assume that 9 is semisimple and in each degree i fix an F[Q][H' l (9)]-equivariant 
direct complement W i to F ® fl ker(P l (6»)) in F ® R H l (C). Then H l (9) induces 
an automorphism of the (finitely generated projective) F[Q]-module W l , the element 
(iP(0))* := (H l (9) | W l ) of Ki{F[Q]) is independent of the choice of W l and in 
K (R[Q\, F[Q\) one has 

(34) = -[d Rm (D),0 A ] 

where dg is the connecting homomorphism K\{F[Q\) — > Kq(R[G], F[G]) an d Pa is as 
defined in J^7| ). 

Proof. It is clear that H l (9) induces an automorphism of W l and straightforward to 
verify that (H' l (9))* is independent of the choice of W l . However to prove (|34[) we 
replace C by a bounded complex of finitely generated projective F[C?]-modules P and 
argue by induction on P := max{i : P l ^ 0} — min{j : P J ^ 0}. We write 4> for the 
morphism of complexes P — > P that corresponds to 9. 

If \P\ = 0, then P = P rn [-m] = H m (P) (and <j) = </> m = H m ((f>)) for some integer m. 

In this case P identifies with the mapping cone P m — — ► P m of (so the first term 
of this complex is placed in degree m — 1) in such a way that the homomorphism 
H m ~ 1 (D) -> ker(P m (6l)) -v coker(i7 m (6»)) -> H m (D) induced by A corresponds to 
the tautological map r : ker(0 m ) — ► cokcr(0 ,n ). Further, if W is a direct comple- 
ment to F <& R ker((/) m ) in F P m , then m (W) = VF (since <j> is semisimple) and 
[dfjrgi (D), (3a\ = (P™,^ 1 ' ,P m ) with i the composite isomorphism 

F ® R P m = (F <Z> R ker(0 m )) © VF ( F ®« T " g "'W> ) ( F 0J? coker(0 m )) © W F 8) fl P m 

where the isomorphism is induced by a choice of splitting of the tautological exact se- 
quence -> W -> F® R P m -» F<g>_RCoker(</> m ) (this description of [d H[6] (£>), /3 A ] 
follows, for example, from [31 Th. 6.2]). The equality (f3~i|) is therefore valid because 

-(P m , it" 1 ) — \P m ) = | F® R P m )) = (-l) m dg{(H m ((f>) | W». 

We now assume that |P| = n > and, to fix notation, that minjj : pi ^ 0} = 0. We 
set C*2 := P and 02 = write C3 for the naive truncation in degree n — 1 of P and 
set Ci := P n [— n]. Then one has a tautological short exact sequence of complexes 

(35) -» Ci -> C 2 -► C 3 -> 0. 

From the associated long exact cohomology sequence we deduce that H % {Cz) = 
P Z (C 2 ) if i < n— 1 and that there are commutative diagrams of exact sequences 

► H n -\C 2 ) ► H n - x {C s ) ► P"(C 2 ) ► 

(36) ff"- 1 ^)! h"- 1 ^)] <r 

► H"- 1 ^) ► H^iCs) ► P"(C 2 ) ► 

> B n {C 2 ) 

(37) 4> n 
> B n (C 2 ) 



-> P"(Ci) > P"(C 2 ) ► 

-» P"(Ci) > P"(C 2 ) ► 0, 
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0->Di 




D 3 ^0 


- 


-Z(Di)- 


* Z(D 2 ) - 


-> Z(D 3 ) 


- 


->B(Di) - 


» B(D a ) 


-> B(D 3 ) 


- 


->H(£)i) - 


♦ H(£> 2 ) 


->H(D 3 ) 



where B n (C2) denotes the coboundaries of C2 in degree n. By mimicking the argu- 
ment of [3 Lem. 4.4] we may change by a homotopy in order to assume that, in 
each degree i, the restriction of fa induces an automorphism of F <8>_r B^C-j)- This 
assumption has two important consequences. Firstly, the above diagrams imply that 
the morphisms fa and fa of C\ and C3 that are induced by <f> are semisimple. Sec- 
ondly, if we write Di for the mapping cone of fa for i = 1,2,3, then (|35[) induces short 
exact sequences of the form 

-> D 1 -> L> 2 -> £> 3 -» 



- 

- 

— > Hbock(Ai) — ► Hbock(A2) — > Hbock(A3) — > 0. 

Here wc write 13(1^) and Z(Dj) for the complexes of coboundaries and cocycles of 

(each with zero differentials) and A 2 ; for the tautological exact triangle Cj — ^ Cj — > 
£>; — » Ci[l]. Now from the displayed exact sequences (and the definition of each term 
[-Dj,/3A;] in Appendix B) one has an equality 

[^R[Q]( D 2),Pa 2 ] = [dR[g](Dl),pAi\ + [d R [g](D 3 ),PA s ]- 

But the inductive hypothesis implies 

i—n—l 

-[d R[g] (D 3 ),fa 3 ]= {-iyd g {{H\fa))*), 

whilst, since \C%\ = 0, our earlier argument proves 

-[d fi[a] (Dx),/3 Al ] = (-l) n d g ((H n (fa))*). 
It is also clear that (H l (fa))* = (H l (fa))* for i < n - 1 whilst ([36]) and (J3TJ) imply 
(F™- 1 (0 2 ))* = (H n ~ l (fa))* (fa 1 | F® Hj B"(C 2 )) and (H n {fa))* = (fa \ F® R B n (C 2 )) 
(H n (fa))* respectively. The claimed description of — [I?2,/?A 2 ] thus follows upon 
combining the last three displayed equations. □ 

Remark 5.11. Notwithstanding the difference in Euler characteristic formalisms, 
Proposition l5.10l can also be deduced from the result of [51 Prop. 3.1]. If Q is abelian, 
then Proposition l5.10l can be reinterpreted in terms of graded determinants and in this 
case has been proved to within a sign ambiguity by Kato in [201 Lem. 3.5.8]. (This 
sign ambiguity arises because Kato uses ungraded determinants - for more details in 
this regard see [HI Rem. 3.2.3(3) and 3. 2. 6(3), (5)] and pH Rem. 9]). 

Part II: Arithmetic 

6. Field-theoretic preliminaries 

We first introduce the class of fields for which the techniques of [14] allow one to 
formulate a main conjecture of non-commutative Iwasawa theory. 
We fix an odd prime p and write T for the set of Galois extensions L of Q which 
satisfy the following conditions 

(i) L contains the cyclotomic Z p -extension Q cyc of Q; 
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(ii) L/Q is unramified outside a finite set of places; 

(iii) Gal(X/(Q>) is a compact p-adic Lie group. 

We let !F + denote the subset of T comprising those fields that are totally real. 
The following observation provides an important reduction step and was explained to 
us by Kazuya Kato. 

Lemma 6.1. For each F in T there exists F' in T with F C F' and such that 
Ga^-F'/Q) has no element of order p. If F belongs to J- + , then one can also choose 
F' in T+. 

Proof. We set F := F(^ p ^). There is a p-torsion free open normal subgroup U of 
V := Gal(i<y(Q)(Cpoo )). Let L be the extension of Q in F that corresponds to U. 
For each non-trivial p-torsion element o~i of V/U, let Li be the fixed subfield of L 
by o~i. Then L = Li{a l J p ) for some et^ 6 Lf. Let atj, 1 < j < s(i), be all 
conjugates of over F and set L\ denote the field generated over Li by the set 
{a^J ■ 1 < j < s(i),n > 1}. Then FL^ is a Galois extension of F that contains L. 
Furthermore, Gal(L^/L;) is isomorphic to a subgroup of Ifp 1 ^ by r ^ (r(j))j with 
t{o 1 J p )/a 1 J p = Cp« ■ Let F' be the composite field of F and L[ for all i. 
The group Gal(F'/Q) is a compact p-adic Lie group and we now prove that it has no 
element of order p. We note first that Gal((Q)(£ p oo)/(Q>) is isomorphic to a subgroup 
of Zp and hence is p-torsion free by the assumption p ^ 2. Thus if a G Gal(F' /Q) 
has order p, then the image of a in Gal(F/Q) is contained in V and so the image of 
cr in V/U coincides with Oi for some i. Thus a fixes all elements of Li. But then the 
image of a in Gal(L^/Li) is both p-torsion and also non-trivial (for its restriction to 
Gal(L/Li) is non-trivial). This contradicts the fact that Gal(Z^/Li) has no element 
of order p. Hence Gal(F' /Q) has no element of order p, as claimed. 
Lastly wc assume that F is totally real. Then F is a CM field with maximal real 
subfield F + equal to the compositum of F and the maximal totally real subfield of 
Q(Cp=° )■ Also, by the above construction, the extension F'/F is pro-p. Since p is odd, 
the group Gal(F'/F + ) therefore contains a unique element of order 2 and the fixed 
field (F') + of F 1 by this element is totally real, contains F, is Galois over Q and such 
that Gal((i 7 ") + /Q) has no element of order p. □ 

In the remainder of this article we set F := Gal(Q cyc /Q) and Q L := Gal(L/(Q>) and 
U L := Gal(i/Q c y c ) for each L in T. We also set A(X) := A(Q L ) and write S L and 
5*2 for the Ore sets Sg L ^ L and Sg L Ul that are defined in ill. II 

Remark 6.2. If C denotes either T or then it is an ordered set (by inclusion). 
Lemma 16.11 implies that the subset C of C comprising those fields F for which Qp 
has no element of order p is cofinal. Taking account of the functorial properties of 
the isomorphism in Theorem 1 2 . 1 1 and of the equality in Proposition ^. 7f ii)(b) we may 
therefore deduce the following extensions of these results. 
• There is a natural isomorphism of abclian groups 

lim K 1 (A(F) Si ,) = lim K (Q(g F )) © lim K (A(G F ), A(G f ) Sf ) © hm im(A F ) 
fgc fee Fee Fee 

where is the natural homomorphism Ki(A(F)) — > Ki(A(F)s* ) and in each 
inverse limit the transition maps are the maps induced by the homomorphism 
A(F) -> A(F') for each F' C F. 
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• Let (xf)f be an element of hm FeC Kq(A(Qf), A(Qf)s*)- Then for each F in 
C we define an element charge j7 [x p) of K\(A(Qf)s f ) in the following way: 
we choose F' in C with F C F' and let charge )7 (xf) denote the image of 
charg F , i7 {xf> ) under the natural projection K 1 (A(Gf')s f ,) Ki(A(Qf)s f )- 
Then Lemma 14.51 implies chaxg F ^(xF) is independent of the precise choice of 
F' and Proposition 14.71 implies that dg F (charg Fi7 (xi?)) = xp- 

7. Non-commutative main conjectures 

In this section we formulate explicit 'main conjectures of non-commutative Iwasawa 
theory' for both Tate motives and (certain) critical motives. In particular, in the 
setting of elliptic curves, the conjecture we formulate here is finer than that formulated 
by Coates et al in [TJ] in that we consider interpolation formulas for the leading terms 
(rather than merely the values) of p-adic L- functions at Artin representations. 
Henceforth we will fix an isomorphism of fields j : C = C p and often omit it from the 
notation. 

7.1. Tate motives. We fix a finite Galois extension E of Q, with G := Gal(E/Q), 
and a finite set of places E of Q that contains the archimedean place and all places 
that ramify in E/Q. For each character \ m Irrc(G) we write Ls(s, \) for the Artin 
L-function of x that is truncated by removing the Euler factors attached to primes 
in E (cf. HQ Chap. 0, §4]). 

We also set := K ®q E = nHom(£ C) ^ an< ^ wr ite log oc (C^) for the inverse image 
of O e E^ under the (componentwise) exponential map exp^ : E^ — > E^ . We set 
E Q := {x e E : Tr E /q(x) = 0}. The Dirichlet Unit Theorem implies that log^fO^) 
is a lattice in K. ®q Eq and so there is a canonical isomorphism of C[G]-modules 
Poo : C ®% log 00 (0^ ; ) = C <g)Q Eq. In addition, if we write S P (E) for the set of p-adic 
places of E, then the composite homomorphism 

1 P ®i \o Soo (O e ) Z p ®i O y E 

n Trl {u w ) w ^(log (u w )) w ^-f 
U Ew ► E w =Q p ®qE 

weS p (E) io£S p {E) 

(where the second arrow is the natural diagonal map) factors through the inclusion 
Q P ®q Eq C Q p (S>q E and hence induces a homomorphism of C P [G] -modules \i v : 
C p ®i log^O^) = C p ®q Eq. We set 

flj{p) := det Cp (/i p o (C p (8>c,j A i oo)~ 1 ) p £ Cp. 

Conjecture 7.1. Fix a field K in J- + that is unramified outside a finite set of places 
E and is such that Q := Qk has no element of order p. Then the Galois group X-^(K) 
of the maximal pro-p abelian extension of K that is unramified outside E belongs to 
9Jl s *(Q). Further, there exists an element I; of Ki(A(Q)s* ) which satisfies both of the 
following conditions. 

(a) At each Artin character p of G one has £(/?) = Cpl / Q,j(p)L^(l, p) J with c Pj7 := 
1 if either p is trivial or Hk <jt ker(p) and c p 7 := 1 — p(7 _1 ) otherwise. 

(b) 8g(t) = [Xv(K)]. 
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Remark 7.2. For each character p in Irrc p (G) the ' (S'-truncated) p-adic Artin L- 
function' of p is the unique p-adic mcromorphic function L Pt s(-,p) : Z p — > C p with 
the property that for each strictly negative integer n and each isomorphism j : C p = C 
one has L PiS (n,p) J ' = L s (n, (p • w n_1 ) J ') where u : G(Q/Q) -» Z* is the Teichmiiller 
character. The 'p-adic Stark conjecture at s = 1' formulated by Serre in [28) asserts 
that the leading term at s = 1 of £ p e(s, p) is equal to fi :? (p)L| ; (l, p) J ; . See Q~21 Rem. 
5.3] for more details. 

See Conjecture 18.41 for a version of Conjecture 17.11 which does not assume that Qf 
contains no element of order p. 

7.2. Critical motives. 

7.2.1. Preliminaries. Let M be a critical motive over Q that has good ordinary re- 
duction at p. Then its p-adic realization V = M p has a unique Q p -subspace V which 
is stable under the action of Gq p such that D° dR (V) = t p (V) := D dR (V) / D Q dR (V) . 
Now let p be an Artin representation defined over the number field F and [p] the 
corresponding Artin motive. We fix a p-adic place A of F, set L := F\ and write O 
for the valuation ring of L. Then the A-adic realisation 

(38) W~W P :=N x = V® Qp [p]\ 

of the motive N := M(p*) := M C3> [p]* is an L-adic representation and contains the 
GQ p -subrepresentation W = V ®q p [p]* x . The algebraic rank of M(p*) is defined as 

(39) r(M)(p) := dim i ( J ff)(Q, W p )) - dsm L (H}(®., W p )). 

Let S be a finite set of places of Q containing p, oo and all places at which M has 
bad reduction or which ramify in K/Q. Fix a field K in T that is unramified outside 
E and write G := G(K/Q) for the corresponding Galois group. By T we denote the 
set of those primes I ^ p such that the ramification index of I in K/Q is infinite. 
For a F- motive N over Q we denote by floo(N) and fl p (N) the complex and p-adic 
periods, by R P (N) and R X (N) the complex and p-adic regulator, see again [18] or 
[T21 Th. 6.5]. Recall that Ooo(iV) ^ 0, if AT is critical, and that R oc (N) ^ 0, if 
the (complex) height pairing of is non-degenerated. Furthermore, for a (Q) p -linear 
continuous Gq p -representation Z we write T{Z) for its T-factor (loc. cit.). Finally, for 
any L-linear continuous representation V and prime number I we define an element 
of the polynomial ring L[u] by setting 

'deti(l - tpMV 1 *), if^P, 
dct L (l - tp p u\D cris (V)), if £ =p, 



Pi(V,u) :=P Ljt {V,u) 



where tpt denotes the geometric Frobcnius automorphism of I. 

As shown by Fukaya and Kato in [18l Th. 4.2.26], the behaviour of local e-factors 
implies that p-adic i-functions can exist only after a suitable extension of scalars. To 
describe this we must assume that 



(40) 



the maximal absolutely abelian subficld K a > p of K in which 
p is unramified is finite. 



Under this hypothesis we let A denote the ring of integers of the completion at 
any of the places of the field K ab ' p that have residue characteristic p. We set 
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A A (G) := A(G) ®i p A and A A (G) S := A(G) S ®i p A and write d A ,G for the corre- 
sponding connecting homomorphism in A"-theory. 



7.2.2. Elliptic curves. We first consider the case of the motive M = h 1 (E)(1) of 
an elliptic curve E over Q with good ordinary reduction at p with K = Q(E(p)) 
being the extension of Q which arises by adjoining the p-power division points and 
we assume that G does not contain any element of order p. In this situation the 
formulation of a (refined) main conjecture is very explicit since one can work with the 
dual X(E/K) of the (p-primary) Selmer group; later we will give another formulation 
for general critical motives involving Selmer complexes. In the present situation one 
knows that the condition (T4"0"l) is satisfied (cf. [21 just before Conj. 5.7]) and also 
that, if III(£ , y A -kcr(p) ) is finite, then 

r(M)(p) = dim Cp (e p »(E(K kc ^) ® z C p )). 

Upon combining the leading term computations of [T2J Th. 6.5] with [T5], Th. 4.2.22] 
and the general approach of [14j we are led to formulate the following conjecture. 

Conjecture 7.3. Fix a field K in T that is unramified outside a finite set of places 
£ and is such that Q := Qk has no element of order p. Then, under the above 
conditions, the module X(E/K) belongs to 9Jls*(G). Further, there exists an element 
C = C(E) of K\(A A (G)s*) which satisfies both of the following conditions: 

(a) At each Artin character p of G, the value at T = of T~ r( - M ^P^ p (C) is 
equal to 

( , Y (M)( P ) L* FtT (M( P *)) p L , p (w;(i),i) 

where L* FT (M(p*)) is the leading coefficient at s = of the complex L- 
function of M(p*), truncated by removing Euler factors for all primes in T. 

(b) d A<G (C) = [A A (G) ® A(G) X(E/K)}. 

Remark 7.4. The interpolation formula in Conjecture I7.3f a) can of course also be 
stated in terms of the classical Hasse-Weil i-functions and their twists L(E, p*, s) in 
the sense of P3J (102)] (which is the same as the L-function attached to the F-motive 
h x (E) Cg) [p]*); due to the shift one now has to consider the leading term L*(E,p*) 
of L(E, p* , s) at s = 1. Moreover, one can simplify the above expression and make 
it more explicit. To this end we let u in Z p be the unit root of the polynomial 
1 — a p X +pX 2 where, as usual, p + 1 — a p = jfE p (F p ) with E p denoting the reduction 
of E modulo p. Furthermore we write p^ for the p-part of the conductor of p and 
e p (p) for the local e- factor of p at the prime p. Moreover, let d+(p) and d_(p) denote 
the dimension of the subspace of [p]\ on which complex conjugation acts by +1 and 
— 1, respectively. We denote the periods of E by 

fl + (E) := / u, n_(E) :-- 

where u> is the Neron differential and 7 + and 7~ denote a generator for the subspace 
of Hi(i?(C), Z) on which complex conjugation acts as +1 and —1 respectively. Finally, 
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we write i? 00 (£', p*) and R P (E, p*) for the complex and p-adic regulators of E twisted 
by p*. Then the displayed expression in Coniecture I7.3f a) is equal to 

(41 1 (_-n d ™c p (e p , (£(if kcr(p) )® s C p )) l *r( e >P*) 

K ' y ' si+iEy+^n-iEy-^R^iE.p*) 

Here L R (E,p*) is the leading coefficient at s = 1 of the L-function Lr(E,p*,s) 
obtained from the Hasse-Weil L-function of E twisted by p* by removing the Euler 
factor at p and the Euler factors at all primes £ with ord^(js) < 0, where Je denotes 
the j-invariant of E. See [HI Rem. 4.2.27] with u = a for the calculation of n p (M(p*)). 

Before stating the next result we recall that the explicit interpolation formula given 
in the main conjecture of |14l Conj. 5.8] requires minor modification. To be precise, 
one must interchange all occurrences of p and p on the right hand side of the equality 
of [loc. cit., (107)] except for the term 'e p (p)' (for further details see the footnote at 
the end of §6.0 in [34]). 

Proposition 7.5. Assume the hypotheses of Conjecture \7.3\ Assume also that for all 
Artin representations p of G the 'order of vanishing part' of the Birch and Swinnerton- 
Dyer Conjecture for E(p*) holds. Then Conjecture \7.3\ implies the 'main conjecture 
of non- commutative Iwasawa theory' of [14i Conj. 5.8] (modified as above). 

Proof. In this case T is the set comprising the prime p and all prime numbers q 
with ord q (j E ) < (see also [HI 4.5.3] or O Rem. 6.5]). In view of Remark O 
the only essential difference between the two conjectures is therefore that Conjecture 
17.31 involves an interpolation formula for ((r(M)(p)\) times) the value at T = 
of the r(M) (p)-th derivative of & P (C) rather than merely for the value at T = 
of Qp(£) itself as in [Mj Conj. 5.8]. (Note that the conjectured value at T — of 
r- r ( M )M$ p (£) should be the leading term at T = of $ p (£) only if Rp(M(p*)) ^ 0.) 
At the outset we note that r{<S> p {C)) > dim Cp (e p * (E(K kcl( - p, >) ® z C p )) > because the 
given interpolation formula has no pole. In particular, C does not have oo as its value 
at any p. We also note that the 'order of vanishing part' of the Birch and Swinnerton- 
Dyer Conjecture for E(p*) implies that the order of vanishing of Lr(E, p* , s) at s = 1 
is equal to dim Cp (e^ (£(X kcr (")) ® z Cp)). 

We now assume that e p « (E(K kcr( ^) ®z <C P ) vanishes. Then both R p (M{p*)) = 1 and 
Roo(M(p*)) = 1. Also, the leading term L* R (E,p*) is in this case equal to the value 
at s = 1 of Lr(E,p*,s). Hence, the interpolation formula ([41]) coincides with that 
given in [TH Conj. 5.8]. 

On the other hand, if e p * {E{K kQr ^) ®z <C P ) ^ 0, then r($ p (£)) > and so the value 
of C at p is equal to 0. In addition, in this case the function Lr(E, p*, s) vanishes at 
s = 1 and so the interpolation formula of [TH Conj. 5.8] also implies that the value 
of C at p is equal to 0, as required. □ 

7.2.3. The general case. We return to the more general case discussed in ij7.2.11 We 
fix a full Galois stable Z p -sublattice T of V and define a Gq p -stable Z p -sublattice of V 
by setting T := TP\V. As before we let T denote the Galois representation A(G)<g>z p L 
and set T := A(G) ®i v T similarly. Then T is a GQ p -stable A(G)-submodule of T. 
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For the definition of the Selmer complex SCu := 5Cj/(T, T), which is originally due 
to Nekovaf [25], we refer the reader to either QH 4.1.2] or pH (31)]. 



Conjecture 7.6 (General formulation for critical motives). Fix a field K in T that 
is unramified outside a finite set of places £ and is such that Q := Gk has no element 
of order p. Then, under the above conditions, the complex SCu belongs to D^, (A(G)). 
Further, there exists an element £ = £,(U, M) of Ki(Aa{G)s* ) which satisfies both of 
the following conditions: 

(a) At each Artin character p of G for which Pl.p(W p , 1) ^ ^ Pl.p{W p , 1) the 
value atT = of T- r< - M Xri$ p (£) is equal to 

(-D r(M)(p) o 3^fL - r , -n p (M( P n)R P (M(p*)).T(V)^ Pl '^^ 



n 0O (M(p*))i? 0O (M(p*)) PK " ^ ^ " v ' Pl, p (W p ,1) ' 

where L* F - s {M{p*)) is the leading coefficient of the complex L-function of 
M(p*), truncated by removing Euler factors for all primes in £ \ {oo}. 
(b) Ai g(O = [Aa(G) ®a(g) SCtf]- 



Proposition 7.7. Cowjecfare |7.3| is compatible with Conjecture \ 7. 6\ 

Proof. To be precise, we prove that if M = ft, 1 (i?)(l) and K = Q(E(p)) are as in 
Conjecture 17. 3\ then Conjecture 17.61 is equivalent to Conjecture 17.31 
First note that [HI Prop. 4.3.7] implies that the complex SCu belongs to Dg»(A(G)) 
precisely when the module X(E/K) belongs to M H {G) = Tl s * (G). Also, SCu differs 
from the complex SC(T,T) in loc. cit. only by local terms which belong to 9Jlg*(G) 
(by Q21 Prop. 4.3.6]) and have characteristic elements (denoted £(l,K/Q) in loc. cit.) 
that correspond to the Euler-factors Pl,i{W p ,s) and whose values Pl,i(W p ,1) at p 
are neither or oo (by [HI Lem. 4.2.23]). To deduce the claimed result from here one 
need only note that F<q p (V) = 1 in this case and recall (from [TH Prop. 4.3.15-18]) 
that the class of SC(f , T) in K (Wl s * (G)) is equal to [X(E/K)\. □ 



8. Equivariant Tamagawa numbers 

Let K/k be a finite Galois extension of number fields with Q := Gal(A'/fc). Then for 
any motive M defined over k the equivariant Tamagawa number conjecture of [101 
Conj. 4.1(iv)] asserts the vanishing of an clement TQ(Mk, %[G]) of Ko(Z[Q], K[<5]) that 
is constructed from the various realisations and comparison isomorphisms associated 
to the motive Mx := K <E>k M. Here is regarded as defined over k and endowed 
with a natural left action of Q[G] (via the first factor). 

Now the product over all primes p and all field isomorphisms j : C = C p of the 
composite homomorphism 

K (z[g],R[g}) -» K (z[g\,c[g\) K Q (z[g},c P [Q}) -» K (z p [g},c P [Q}) 

is injective (cf. [H Lem. 2.1]). To prove [TUl Conj. 4.1(iv)] it therefore suffices to 
prove that j*(TQ(M^, Z [(/])) = for each such j. This reduction has the further ad- 
vantage that the element j'«(Tf2(Mjf , Z [£/])) can be directly defined without assuming 
the 'Coherence Hypothesis' of [TDl §3.3] that is necessary to define TVL{Mk, %[G]) 
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(cf. [Till Rem. 8]). However, even if one assumes the standard compatibility con- 
jectures concerning the definition of Euler factors (cf. [10l Conj. 3]), the definition 
of j*(Tn(MK ,Z[G})) is in general still conditional, being dependent upon the con- 
jectural existence of a fundamental exact sequence relating the motivic cohomology 
spaces of Mk and its Kummer dual [TUl Conj . 1] and of canonical p-adic Chern class 
isomorphisms 1 1 01 Conj. 2]. In particular, since we are assuming here that the element 
j*(Tfi(Mj<-,Z[^])) is well-defined, the results that we prove in this section will not 
shed any new light on cither of [10, Conj. 1, Conj. 2]. 

8.1. Tate motives. We fix a finite totally real Galois extension E of Q and set 
G := Gal(£'/Q). We recall that all of the conjectures necessary for the definition of 
Tfi(h°(SpecE)(l),Z[G]) are known to be valid and so j*(Tf2(/i°(Spec.E)(l), Z[G])) is 
defined unconditionally as an element of Kq (Z p [G] , C p [G] ) . For a discussion of various 
explicit consequences of the vanishing of T il(h° (Spec E)(1),Z[G]) see [11 [5] and [8j. 

Theorem 8.1. Let K be any field which belongs to J- + , contains E and is such that 
Gal(A/Q) has no element of order p (such a field K exists by Lemma \6.1\ ). If K 
validates Conjecture \7.1\ and E validates Leopoldt 's Conjecture (at p), then one has 
j *(TO(/i° (Spec E) (1), Z[G])) = 0. 

Proof. We set Q := Gal(A/Q) and H := G&l(K/Q cyc ). We also write A(G)*(1) for 
the A(C?)-module A(Q) endowed with the following action of Gal(Q/Q): each a in 
Gal(Q/Q) acts on A(Q)#(1) as multiplication by the element Xcyc(&)&~ 1 where a 
denotes the image of a in Q and Xcyc is the cyclotomic character Q — > Y Z* . 
Then, following Fukaya and Kato [TH §2.1.1] and Nekovaf [25], we obtain an object 
of £>p(A(£)) by setting 

C K := Ar c (S P cc(Z[l/E]) 6t , A(^) # (l)) 

(where the subscript 'c' denotes cohomology with compact support). It is straight- 
forward to show that Ck is acyclic outside degrees 2 and 3 and that its cohomology 
in degree 2, respectively 3, is canonically isomorphic to As (A), respectively Z p . The 
first claim of Conjecture 17.11 is therefore equivalent to asserting that Ck belongs 
to Dg,(A(Q)). In addition, Conjecture I7.1f b) asserts that dg(£) = [Ck] + [Zp], or 
equivalently by Proposition 14. 7f ii) (a) and (b) that 

(42) dgtf) = [C K ] 

with f := char g , 7 (Z p [0]) • £. 

Lemma 8.2. Assume that Leopoldt's conjecture is valid for E (at p) and fix an Artin 
representation p : Q — > GL„(C) such that V p belongs to Irrc (G). 

(i) Conjecture [Xl^aJ implies that {C)*(p) = Qj(p)L^(l, p) j ■ 

(ii) If p is non-trivial, then the complex Q p ®J{(r) Ck, p is acyclic. Further, the 
complex Ck is p-semisimple, Tq(Ck){p) = and t(CK,p) is the canonical 
morphism. 

(iii) If p is trivial, then the complex 1, p ®\^Ck.p is acyclic outside degrees 2 and 3 
and its cohomology in degrees 2 and 3 identifies with Q p ®z p cok(A£) and Q p , 
where Xe is the localisation map C_e[^] x <8>Z p — > I1ujgs p (_e) A^®Z p . Further, 

the complex Ck is p-semisimple, rg(CK)(p) = 1 cind (—l) r ° l ' CK ^ p ^t(CK,p) 
is induced by the isomorphism j3 : Q p ®z p cok(Ae) — > Q p which sends each 
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element (e w ) w of~[[ weSp{E) E* to log p (x cy c( 7 )) 1 J2w log p (N w (e w )) withN w 
the norm map E* — > Q p . 

Proof. Claims (ii) and (iii) are both proved in Lem. 5.1]. Indeed, one need 
only note that the minus sign in the expression — c^ 1 which occurs in the formula 
of [12l Lem. 5 . 1 (iii)] cancels against the factor (— l) r s(Cfc)(p) m ^- ne expression 
(-l) r s( c ^)(p)t(C K! p) in claim (iii). (But see also Remark [O] below). 
To prove claim (i) we note that Leopoldt's Conjecture implies that the period Clj(p), 
and hence also the product c~i,fij :(p)L^(l, p)i in Conjecture 17.1( a). is non-zero. The 
latter conjecture thus implies that £*(p) = £(p) = c~ ^Qj ;(p)L^(l, p) 3 . Next we claim 
that 



(43) $ p (charge (Z p 



l-p( 7 - 1 )(l + T)- 1 , ifWcker(p), 
1, otherwise. 



If this is true, then it is clear that charg i7 (Z p [0])*(/o) = c Pi7 . Claim (i) would 
thus follow from the obvious equalities (£')*(/°) = ( criar e,7(^p[0]) ■ Q*(p) = 
char e , 7 (Z p [0])*(p)r(p). 

It thus suffices to prove (|4"3"]) . To do this we regard the tensor product M p := A(r)<g>z 
M n (0) as a (Ao(r), A(7i))-bimodule, where the (left) action of Ae>(r) is clear and 
the (right) action of each element h of TL is via x<S>y i— > x®yp(h). Then the definition 
of charg. 7 (Z p [0]) combines with the definition of $ p to imply that 

(44) $ p (char g , 7 (Z p [0])) 

= detQ (o[[T]]) (id«>id-id<g>0 | Q{0[[T}]) ® Ao(r) (M p ® A(n) Z p )) 

where 9 is the endomorphism of M p (&a(H) ^p = (A(r) ®z p M„(0)) ®A(Ti) which 
sends each element (x <E> y) <£> to (arf -1 <g> yp(7 -1 )) ® z (this recipe is independent of 
the choice of lift 7 of 7 through — > L) . 

Now V p is irreducible and TL is normal in Q and so the space M p <E>A(n) Qp is either 
zero or canonically isomorphic to M p (g>z Q P depending on whether TL C ker(p) or 
not. In particular, if TL <f_ ker(p), then (|4"4")l implies that $ p (charg :7 (Z p [0])) is the 
determinant of an endomorphism of the zero space and so equal to 1. On the other 
hand, if TL c ker(p), then n = 1 (since Y is abelian and V p is irreducible) and so 
|44|) implies <& p (charg i7 (Z p [0])) is the determinant of the endomorphism of Q(0[[T]]) 
given by multiplication by 1-/5(7 )(1 + T) _1 . The required equality (|43|) is therefore 
clear. □ 

Remark 8.3. All of the results of [12l §5] are valid as stated without assuming that 
the condition jl2l (19)] is satisfied. Indeed, the latter condition is only introduced 
in loc. cit. to simplify the proofs of [TH Lem. 5.1(h), (iii)]. However, these results 
can be verified more directly as follows (we use the notation of loc. cit.). If p is 
non-trivial, then [TJl Lem. 5. 1 (i)] implies that Z p 6S>J((r) RT(U,T) P is acyclic and 
so [El Lem. 3.13(h), (hi)] makes it clear that RY(U,T) is semisimplc at p, that 
rc{RY(U,T))(p) = and that the Bockstein homomorphism described in [TJl Lem. 
5.1 (iii)] is the unique endomorphism of the zero space. If p is the trivial representation, 
then RY(U,T)p identifies with RY(U,T Qcyc ) e L>P(A(r)) and so [H Lem. 3.13(h), 
(iii), (iv)] implies that all of the claims made in [12l Lem. 5. 1(h), (hi)] for p can be 
verified after replacing E by Q (which certainly satisfies the condition [121 (19)])- 
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Returning to the proof of Theorem l8.ll we set 

C E := Z P [G] ®\ {g) C K = i?r c (S P ec(Z[l/S])et,Z p [G] # (l)) e DP(Z p [G]). 

Then upon combining the conjectural equality (j42[) with the explicit descriptions in 
Lemma 18.21 and the result of Theorem 12.21 one finds that 

(45) %((%(p)L£(l,p)^ eIrr(G) ) = -[d Zpm (C E ),^} 

where /3» is the morphism dc p [0](C p [(?] ®z [g] Ce) — > lc p [s] induced by the isomor- 
phism 

Q P ®z p H 2 {C E ) = Q P ®z p cok(A B ) ^> Q p £* Q p ® Zp ff 3 (G s ) 
coming from the descriptions in Lemma I8.2f ii). (iii). But the proof of [HI Th. 
5.5] shows that (|45[) is equivalent to an equality of the form [d z ^ {Ce), Pi] = 
where = (/3 p ) p gi r r(G) (under the identification Q) and each /3' is the mor- 
phism described in (25)]. The fact that (|4"5"]) implies the vanishing of the 
element j * (TQ(h° (Spec E)(l), Z[G])) then follows directly from the definition of 
TT2(/i°(SpecE)(l), Z[G]) and of each morphism This therefore completes the 
proof of Theorem 18.11 □ 

We end this subsection by noting that the above computations show that the correct 
generalisation of Coniecture l7.ll (to groups with an element of order p) is the following. 

Conjecture 8.4. Fix a field K in J- + that is unramified outside a finite set of 
places S. Then Ck belongs to D p s ,(K(Qk))- Further, there exists an element £' of 
Ki(A(Q)s*) which satisfies both of the following conditions. 

(a) At each Artin character p of G one has £'(p) = £lj(p)L^(l, p)° . 

(b) 8g(£') = [C K ]. 

This conjecture is compatible with that formulated (in the case that Qk has rank 
one) by Ritter and Weiss in §4]. For details see [5]. 

8.2. Critical Motives. We now assume the notation and hypotheses of Conjecture 
[LSland fix a subfield E of K which is Galois over Q. We set G := G(E/Q) and f E := 
A(G) ®z p T = A(G) ®a(g) T. We fix a number field F over which all representations 
p in Irr(G) can be realised. We write Z = Z p and Z for the Kummer dual W*(l) 

and W'*(l) of W p and W, respectively; finally we set W := W/W . In terms of the 
notation of [12) we consider the following assumption on W . 

Assumption (W): For each p in Irr(G) the space W = W p satisfies all of the following 
conditions:- 

(Ai) P e {W, l)P e (Z, 1)^0 for all primes I ^ p, 
(Bi) P P (W, l)P p (Z, 1) ± 0, 
(d) P P (W, 1)P P (Z,1) t^O and 
(D 2 ) H° f (®,W) = H° f (®,Z) = 0. 

In the following result we write la '■ Ko(7, p [G], C P [G]) — > Kq(A[G], C p [G]) for the 
canonical homomorphism obtained by regarding A as a subring of C p . We also recall 
that pm Conj. 4(iii)] (which is a natural equivariant version of the Dclignc-Bcilinson 
Conjecture) for the motive Me, regarded as defined over Q and with an action of Q[G], 
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implies that the element j*(TQ(ME, Z[G])) belongs to the subgroup i£o(Z p (G], Q P [G]) 
of A (Z P [G],C P [G]). 

Theorem 8.5. Assume that 

• Assumption (W) is valid; 

• t/ie complex SCu is semi-simple at all p in Irr(G); 

• an e-isomorphism e ptA ^(T E ) : 1 A (G) — * d A(G)( Rr ( (! 3p' Ts )) d A(G)(' irB ) in the 
sense of [18\ Conj. 3.4.3] exists; 

• Conjecture \ 7. 6\ is valid for the motive M and the extension AT/Q. 

Then t A (^(TQ(Mj5,Z[G]))) = 0. // j*{TQ.(M E , Z(G])) belongs to AT (Z P [G], Q P [G}), 
then also j„(Tn(M E ,Z[G])) = 0. 

Proof. We fix an element £ as in Conjecture 17.61 Since SCu is semisimple at each p 
in Irr(G), the obvious analogue of Theorem 12.21 with A in place of Z p combines with 
Conjecture 17. 6f b) to imply that 

%((r(p)W rr(5 )) = -^([d Zp[ q(SC u (i £ ,T B )),i(SC^(t Ej T B ))g]). 

After unwinding the identification ([2]), this means that there exists a morphism in 
V(A[G]) 

1> ■■ 1 a [ g] - d m (A[G] ® Zp[G] SC^T^T*)) 

such that 

(r(p) _1 )p e i rr (3) = t(SC t/ (f S! T s )) e o ^ G AuV (Cp[S]) (l CpP ) - A-!(C P [G]) 

under the identification ([?]). After recalling the explicit definition of t(SCjj e , Xe))g 
given in Theorem 12.21 and then taking inverses we obtain a morphism in V(A[G]) 

■■ l m - d m (A[G] ® Zp[G] SCuCTe^e))- 1 

such that 

(-l) rc(SC " )(p) r(p) = ^SC^p*))" 1 ° ^(p) e Aut y(Cp) (l Cp ) - C p x 
for all p in Irr(G). Here we write ip~ 1 (p) for the p-component of the morphism 
lc p [G] ~~ * d C p [G] (^p [^] ®z p [G] SCi/(Tb, Tb)) _1 induced by This is equivalent to 
asserting the existence of a morphism in V(.A[G]) 

V ■■ 1 A[G] - d A[S] (A[G] ® Zp[S] RT C ([/, T^))- 1 
such that for all p in Irr(G) the composite morphism 

(46) l Cp d L (RT c (U, W p ))- C l ' (pMfrl(p) : d L (SCu(W p , W„))£ 

► lCp 

corresponds to (— l) ro ( SCt/ )W£*(p). In this displayed expression we write e(T)(p) for 
y p* ®z p [G] e p,A(G)(*s) and /3(p) for V> ® Zp[S] (Z p [G] ® A(G) /?) F p » ® A(G) /3 with /3 the 
morphism d A (T + ) A = d A (T) A defined in [12j (35)], and all underlying identifications 
are as explained in [12l §6]. 

Now the hypothesis that SCu is semisimple at p combines with the assumption (W), 
the duality isomorphism Hf(Q,W) = H^(Q,Z) and the results of [HI Lem. 6.7 
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and Lem. 3.13(ii)] to imply that the algebraic rank r(M)(p) defined in (|39|) is equal 
to ra{SGu)(p), that [T2] Condition (F)] is satisfied and that the value at T = of 
y-r(A/)(p) ( j ) ^^^ j g e q ua i ^ e leading term Conjecture 17. 6f a) therefore gives 

an explicit formula for Taking this formula into account, one can compare 

the composite morphism (|46|) to the first displayed morphism after [T2] Lem. 6.8]. 
After unwinding the proof of [T2] Th. 6.5] (for which we use assumption (W)) this 
comparison shows that 

i>'{p) = # x (M(p*))c p oCk(M( P *)) Cp 

for all p in Irr(G), where $\(M(p*))c and (k(M(p*))c are the morphisms that occur 
in [TJ1 Conj. 4.1]. Finally we note that the validity of the last displayed equality (for 
all p in Irr(G)) is equivalent to asserting that the element LA(j*(Tfl(ME, Z[G]))) 
vanishes (by the very definition of the latter element). This proves the first claim of 
the theorem. 

Given this, the second claim of Thcorem l8 . 51 will follow if we can show that the natural 
composite homomorphism K (Z p [G] , Q p [G] ) K (Z p [G] , C p [G] ) -> K ( A [G] , C p [G] ) 
is injective. We write F for the field of fractions of A (so F C C p ). Then the natural 
homomorphism Ko(A[G], F[G]) — > Kq(A[G] 1 C p [G]) is clearly injective and so it suf- 
fices to prove that the natural homomorphism Ko(Z p [G],Q p [G]) — > Kq(A[G], F[G]) 
is also injective. But, since A/Z p is unramified, this is an immediate consequence of 
a result of M. Taylor [32] Chap. 8, Th. 1.1]. Indeed, one need only note that the 
groups A'o(Z p [G], <Q P [G]) and K (A{U], F[G]) are naturally isomorphic to the groups 
K T(Z p [G}) and K T{A\G\) which occur in loc. cit. □ 

Remark 8.6. If M = /i 1 (A) for an abclian variety A which has good ordinary reduc- 
tion at p and is such that the Tate-Shafarevich group U1(A/ E ) of A over E is finite, 
then the vanishing of j*(T£l(AlE, Z[G])) implies the p-part of a Birch and Swinnerton- 
Dyer type formula (see, for example, [2H §3-1]). However, Conjecture 17.61 does not 
itself imply that U1(A/e) is finite. 

Remark 8.7. Explicit consequences of Conjecture 17.61 for the values (at s = 1) of 
twisted Hasse-Wcil L- functions have been described by Coates et al in [14], by Kato 
in [21] and by Dokchister and Dokchister in [17]. However, all of the consequences 
described in [14] \T7\ [21] become trivial when the L-functions vanish. One of the 
key advantages of Theorem 18.51 is that in many of these cases it can be combined 
with the approach of [5] to show that Conjecture 17.61 implies a variety of explicit 
(and highly non-trivial) congruence relations between values of derivatives of twisted 
Hasse-Wcil A-functions. Such explicit (conjectural) congruences will be the subject 
of a subsequent article. 

Remark 8.8. Following Theorem 18.51 it is of some interest to study elements in K- 
theory of the form TVl(h l (E / K ){\), Z[Gal(A"/Q)]) with E an elliptic curve over Q and 
K/ Q a finite non-abelian Galois extension. The study of such elements is however still 
very much in its infancy. Indeed, the only explicit computation that we are currently 
aware of is the following. Let E be the elliptic curve y 2 + y = x 3 — x 2 — lOx — 20 (this 
is the curve 11A1 in the sense of Cremona [U]). Then, with K equal to the splitting 
field of the polynomial a; 3 — Ax ~ 1, the group Gal(A'/Q) is dihedral of order 6 and 
Navilarckallu 24J has proved numerically that if UI(E/k) is trivial, then the element 
TO(/i 1 ( J B /x )(l),Z[Gal(A/Q)]) vanishes. 
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Appendix A. Determinant functors 

In this appendix we recall the formalism of determinant functors introduced by Fukaya 
and Kato in [TB] and used in [T2] (see also [51] ) 

For any ring R we write B(R) for the category of bounded complexes of (left) R- 
modules, C(R) for the category of bounded complexes of finitely generated (left) 
i?-modules, P(R) for the category of finitely generated projective (left) i?-modulcs, 
C P (R) for the category of bounded (cohomological) complexes of finitely generated 
projective (left) R- modules. By D P (R) we denote the category of perfect complexes 
as full triangulated subcategory of the derived category D b {R) of the homotopy cat- 
egory of B(R). We write (C P (R), quasi) and (D p (i?),is) for the subcategory of quasi- 
isomorphisms of C P (R) and isomorphisms of D P (R), respectively. 
For each complex C = (C : d" c ) and each integer r we define the r-fold shift C[r] of 
C by setting C[r] 1 = C l+r and d l c[r] = (-l) r d£ r for each integer i. 
We first recall that for any (associative unital) ring R there exists a Picard category 
Cr and a determinant functor : (C p (i?), quasi) — ► Cr with the following properties 
(for objects C, C and C" of C P (R)) 

A.d) If — > C — > C — > C" — > is a short exact sequence of complexes, then 
there is a canonical isomorphism d#(C) = Ar(C')Ar{C"). which we take as 
an identification. 

A.e) If C is acyclic, then the quasi-isomorphism — > C induces a canonical iso- 
morphism 1r — > 6.r(C). 
A.f) For any integer r one has d fi (C[r]) = d R (C)(~ 1 ' . 

A.g) the functor d« factorizes over the image of C P (R) in the category of per- 
fect complexes D P (R), and extends (uniquely up to unique isomorphisms) to 
(D p (R),is). 

A.h) For each C in D(R) we write H(C) for the complex which has H(C) 1 = iT(C) 
in each degree i and in which all differentials are 0. If H(C) belongs to D P (R) 
(in which case one says that C is cohomologically perfect), then there are 
canonical isomorphisms 

d fl (c) - d fl (H(c)) - n d ^( ffi ( c )) (_ir - 

(For an explicit description of the first isomorphism see [HI §3] or [3J Rem. 
3.2].) 

A.i) If R 1 is any further ring and Y an (i?', i?)-bimodule which is both finitely 
generated and projective as an i?'-module, then the functor Y ®r — : P(R) — > 
P(R') extends to a commutative diagram 

(DP(R),]b) 

(,DP(i?'),is) C ff . 

In particular, if R — > R' is a ring homomorphism and C is in D p (i?), then we 
often write <1r(C)r> in place of R' ®r (1r(C). 



^The listing starts with d) to be compatible with the notation of 1341 . 
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In [TH] a localized Ai-group was defined for any full subcategory E of C P (R) which 
satisfies the following four conditions: 

(i) G S, 

(ii) if C, C arc in C P (R) and C is quasi- isomorphic to C, then C £ E « C" e E, 

(iii) if C G E, then also C[n] G E for all neZ. 

(iv') if C" and C" belong to E, then C © C" belongs to E. 

Definition A.l. (Fukaya-Kato) Assume that E satisfies (i), (ii), (iii) and (iv'). The 
localized Ki-group Ai(i?, E) is defined to be the (multiplicatively written) abelian 
group which has as generators symbols of the form [C, a] for each C G E and morphism 
a : 1r — > cIr(C) in Cr and relations 

(0) [0,id lR ] = l, 

(1) [C',dn(f) o a] = [C, a] if / : C — ► C" is an quasi-isomorphism with C (and 
thus C") in E, 

(2) if — > C" — > C — > C" — > is an exact sequence in E, then 

[C,a] = [C,a'\ ■ \C",a"] 

where a is the composite of a' • a" with the isomorphism induced by property 
d), 

(3) [C[l},a-i] = [C,a]-\ 

We now assume given a left denominator set S of R and we let R s := S^R denote 
the corresponding localization and Eg the full subcategory of C P (R) consisting of 
all complexes C such that Rs ®r C is acyclic. For any C in E5 and any morphism 
a : 1r — > d^(C) in Cr we write #c iQ for the element of Ki(Rg) which corresponds 
under the canonical isomorphism K\(Rs) = Autc R (li? s ) to the composite 

lits -> d Hs (i? s ®_r C) -> l Rs 

where the first arrow is induced by a and the second by the fact that Rs®rC is acyclic. 
Then it can be shown that the assignment [C, a] > #c.a induces an isomorphism of 
groups 

ch fl , Es riTi^Es) ^K^Rs) 

(cf. [IH1 Prop. 1.3.7]). Hence, if E is any subcategory of Eg we also obtain a composite 
homomorphism 

ch fl)E : A'!(i?, E) -» Ax(i?, E s ) = K^Rs). 

In particular, wc shall often use this construction in the following case: C G Eg and 
E is equal to smallest full subcategory Ec of C P (R) that contains C and also satisfies 
the conditions (i), (ii), (iii) and (iv') that are described above. 

Appendix B. Bockstein homomorphisms 
Let A be a noetherian regular ring and assume given an exact triangle in D P (A) 

A: C C -► D -f C[l]. 
In each degree i let denote the composite homomorphism 

iP(L>) -> ker(i? i+1 (6»)) -» i? i+1 (C) -» cokcr(i7 i+1 (6 1 )) -» H l+1 {D) 



NON-COMMUTATIVE MAIN CONJECTURES 



41 



where the first and fourth maps occur in the long exact sequence of cohomology of A 
and the second and third are tautological and write 

H bock (A) : ■ • • ^ W(D) W+\D) ^ ■ •■ 

for the associated complex (with H l (D) is placed in degree i). The morphism 9 is 
said to be 'semisimple' if the tautological map ker(if l (#)) — + coker(_ff '(#)) is bijective 
in each degree i. This condition is equivalent to asserting the acyclicity of Hb oc k(A). 
Hence, if true, there is a composite morphism in V{A) of the form 

(47) /3 A : d A (D) -> d A (R(D)) -► d A (H bock (A)) -> 1 V(A) 

where the first map is as in A.h), the second is the obvious map (induced by the fact 
that the complexes H(_D) and Hbock(A) agree termwise) and the third is induced by 
the acyclicity of Hb oc k(A). 

Appendix C. Sign conventions in [T2] 

Due to different normalisations, which had not been noticed by the authors, the 
following sign conflict has arisen: in [18| for a discrete valuation ring O with field 
of fractions L an element c € \ {0} C L x corresponds to the class [O A 0,id] in 
Ki(L), where the complex is concentrated in degree and 1 (while it is implicitly 
concentrated in degrees —1 and in Rem. 2.4]). With this convention, Fukaya 
and Kato must define the connecting homomorphism as [C,a] i— > ~[[C]] in order to 
ensure that the connecting homomorphism L x = Ki(L) — > ATo(£0\{o}) — 2 coincides 
with the valuation ord^ (cf. [TH Rem. 1.3.16]). It follows that in [T31 Rem. 2.4] the 
correct formula is 

ord L (c) = -length (A), 

if we identify A with the complex A[0]. For the same reason, the signs in |121 Prop. 
3.19] are also incorrect, the corrected versions being 

Xadd(G,C(p*)) = -ord L (r(p)) 

and 

X m uit(G,C(p*)) = |£*(p)ll L:Qpl - 
We note also that C := [C, a] G -Ki(A, Eg.) is a characteristic element of — [[C]] = 
[[C[l]]] (rather than of [[C]]) in A"o(^S*) due to the normalisation of the connecting 
homomorphism in |18| . For a similar reason we have to add a sign in the formulae of 
[loc. tit., (38) and (39)] to obtain the corrected versions 

(48) C UtP := Cu,p{M) : ^ -» d A (SC ff (t, T))" 1 
and 

(49) Cp := Cp(M) : 1 A d A (SC(T, T))" 1 

Also in the following convention we need a shift by one: we write Cu,/3 and for 
the elements [SC^[1], C Ut/3 } and [SC[l], Cp] of Ai(A(G), E SC[r ) and Ki(A(G), E SC ) 
respectively. Finally, in the first displayed formula after [T3J Lem. 6.8] one has to 
replace t(SCu(p*)) L by t(SC u (p*)[l]) i = t(SCu(p*)) z \ 
The authors would like to apologise for these oversights. 
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